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Abstract 

These lectures focus on the structure of various Higgs boson theories. Topics 
in the first lectures include: mass generation in chiral theories, spontaneous 
symmetry breaking, neutrino masses, perturbative unitarity, vacuum stability, 
vacuum alignment, flavor changing neutral current solutions with multiple 
Higgs doublets, analysis of type I theory with Z2 symmetry, and rephasing 
symmetries. After an Essay on the Hierarchy Problem, additional topics are 
covered that more directly relate to naturalness of the electroweak theory. 
Emphasis is on their connection to Higgs boson physics. Topics in these later 
lectures include: supersymmetry, supersymmetric Higgs sector in the Runge 
basis, leading-order radiative corrections of supersymmetric light Higgs boson 
mass, theories of extra dimensions, and radion mixing with the Higgs boson in 
warped extra dimensions. And finally, one lecture is devoted to Higgs boson 
connections to the hidden sector. 
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1 The Problem of Mass in Chiral Gauge Theories 



The fermions of the Standard Model and some of the gauge bosons have mass. This 
is a troublesome statement since gauge invariance appears to allow neither. Let us 
review the situation for gauge bosons and chiral fermions and introduce the Higgs 
mechanism that solves it. First, we illustrate the concepts with a massive U{1) theory 
- spontaneously broken QED. 

Gauge Boson Mass 

The lagrangian of QED is 

JC^qed = —F^uF'^'' + iPiiYD^ - m)xj; (1) 

where 

D^,^d^ + ieA^ (2) 

and Q = — 1 is the charge of the electron. This lagrangian respects the U{1) gauge 
symmetry 

jjj ^ e-*"(^V (3) 
A^ + ^d^a{x). (4) 

Since QED is a vector-like theory - left-handed electrons have the same charge as 
right-handed electrons - an explicit mass term for the electron does not violate gauge 
invariance. 

If we wish to give the photon a mass we may add to the lagrangian the mass term 

However, this term is not gauge invariant since under a transformation A^A>^ becomes 

A^A^ ^ A^A^ + -^A^d^a + ^d^ad^a (6) 

This is not the right way to proceed if we wish to continue respecting the gauge 
symmetry. There is a satisfactory way to give mass to the photon while retaining the 
gauge symmetry. This is the Higgs mechanism, and the simplest way to implement 
it is via an elementary complex scalar particle that is charged under the symmetry 
and has a vacuum expectation value (vev) that is constant throughout all space and 
time. This is the Higgs boson field $. 
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Let us suppose that the photon in QED has a mass. To see how the Higgs boson 
implements the Higgs mechanism in a gauge invariant manner, we introduce the field 
$ with charge q to the lagrangian: 

C = Cqed + (/^^$)*(/^^$) - V{<^) (7) 

where 

where it is assumed that A > and /i^ < 0. 

Since $ is a complex field we have the freedom to parametrize it as 

$ = -L0(x)e^«(-), (9) 

where and ^{x) are real scalar fields. The scalar potential with this choice 

simplifies to 

- = + (10) 

Minimizing the scalar potential one finds 
dV 



4>=4>o 



/i'0o + A0g = =^ (j)o = \l (11) 



This vacuum expectation value of enables us to normalize the ^ field by ^/0o such 
that its kinetic term is canonical at leading order of small fiuctuation, legitimizing 
the parametrization of eq. ([9]). We can now choose the unitary gauge transformation, 
a{x) = — ^(x)/0O; to make $ real- valued everywhere. One finds that the complex 
scalar kinetic terms expand to 



(D,$)*(D'^$) ^ 1(9,0)2 + ^e2g202A,A^ (12) 



At the minimum of the potential (0) = 0o, so one can expand the field about its 
vev, = 00 + /i, and identify the fiuctuating degree of freedom h with a propagating 
real scalar boson. 

The Higgs boson mass and self-interactions are obtained by expanding the la- 
grangian about 00. The result is 



- = "^h^ + l^h' + (13) 
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where 

ml = 2X<^l /^' = ^' ^ = 6A = 3^. (14) 

The mass of the Higgs boson is not dictated by gauge couphngs here, but rather by 
its self-interaction couphng A and the vev. 

The complex Higgs boson kinetic terms can be expanded to yield 

AC = ^eWoA^Af^ + eVhA.A^ + ^e\'h^A^A^. (15) 

The first term is the mass of the photon, = e^g^0Q. A massive vector boson has a 
longitudinal degree of freedom, in addition to its two transverse degrees of freedom, 
which accounts for the degree of freedom lost by virtue of gauging away ^{x). The 
second and third terms of eq. [T5]set the strength of interaction of a single Higgs boson 
and two Higgs bosons to a pair of photons: 

2 

hA^Ay Feynman rule : i2e^q^(i)og^y = "^2—^ (16) 

00 

hhA^Ay Feynman rule : i2e^q^g^y = i^—j- (17) 

00 



after appropriate symmetry factors are included. 

The general principles to retain from this discussion are first that massive gauge 
bosons can be accomplished in a gauge-invariant way through the Higgs mechanism. 
The Higgs boson that gets a vev breaks whatever symmetries it is charged under - 
the Higgs vev carries charge into the vacuum. And finally, the Higgs boson that gives 
mass to the gauge boson couples to it proportional to the gauge boson mass. 

Chiral Fermion Masses 

In quantum field theory a four-component fermion can be written in its chiral 
basis as 



i' = (18) 




where ipL,R are two-component chiral projection fermions. A mass term in quantum 
field theory is equivalent to an interaction between the ipi and ipn components 

m'0'0 = mipl^ippi + mip\^ipL. (19) 
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In vectorlike QED, the i/jl and i/jr components have the same charge and a mass 
term can simply be written down. However, let us now suppose that in our toy U{1) 
model, there exists a set of chiral fermions where the P^i/j = chiral projection 
carries a different gauge charge than the Pjiip = ip^ chiral projection. In that case, 
we cannot write down a simple mass term without explicitly breaking the gauge 
symmetry. 

The resolution to this conundrum of masses for chiral fermions resides in the Higgs 
sector. If the Higgs boson has just the right charge, it can be utilized to give mass 
to the chiral fermions. For example, if the charges arc = 1, Q[^r\ = 1 ~ ? and 

Q[^] = q we can form the gauge invariant combination 

Lf^y^x/ji^i/jR + cc. (20) 

where yj is a dimensionless Yukawa coupling. Now expand the Higgs boson about its 
vev, ^ = (00 + h)/ \/2, and we find 

Cf^m^ iPIiPr + (^j^^ hijlijR + c.c. (21) 

where = y^^o/v^- 

We have successfully generated a mass by virtue of the Yukawa interaction with 
the Higgs boson. That same Yukawa interaction gives rise to an interaction between 
the physical Higgs boson and the fermions: 

hipip (Feynman rule) : i—^. (22) 

00 

Just as was the case with the gauge bosons, the generation of fermion masses by the 
Higgs boson leads to an interaction of the physical Higgs bosons with the fermion 
proportional to the fermion mass. As we will see in the Standard Model, this rigid 
connection between mass and interaction is what enables us to anticipate Higgs boson 
phenomenology with great precision as a function of the unknown Higgs boson mass. 

2 Standard Model Electroweak Theory 

The bosonic electroweak lagrangian is an SU{2)l x U{1)y gauge invariant theory 

L^os = |^;x$r - /^'|$|' - A|$|^ - -^B^^B^^^ - ^W^.W'^''^'' (23) 
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where $ is an electroweak doublet with Standard Model charges of (2,1/2) under 
SU{2)l X U{1)y {Y = +1/2). In our normalization electric charge is Q = + ^, 
and the doublet field $ can be written as two complex scalar component fields 0"'" 
and 0°: 

The covariant derivative and field strength tensors are 

D,'^ = (d, + ig^W^ + tg'jB,^<!> (25) 
= d^B,-d,B^ (26) 

w^;. = d,w^,-d,w;,-gr''wiw: (27) 

The minimum of the potential does not occur at $ = if yU^ < 0. Instead, one 
finds that the minimum occurs at a non-zero value of $ - its vacuum expectation 
value (vev) - which via a gauge transformation can always be written as 




where v = \/ (28) 

This vev carries hypercharge and weak charge into the vacuum, and what is left 
unbroken is electric charge. This result we anticipated in eq. fl2^ by defining a 
charge Q in terms of hypercharge and an eigenvalue of the SU{2) generator T^, and 
then writing the field $ in terms of 0° and of zero and positive +1 definite charge. 

Our symmetry breaking pattern is then simply SU{2)l x f/(l)y —>■ U{1)q. The 
original group, SU{2)l x U{1)y, has a total of four generators and U{1)q has one 
generator. Thus, three generators are 'broken'. Goldstone's theorem [T] tells us that 
for every broken generator of a symmetry there must correspond a massless field. 
These three massless Goldstone bosons we can call 0i,2,3- We now can rewrite the 
full Higgs field $ as 

(29) 

The fourth degree of freedom of $ is the Standard Model Higgs boson h. It is a 
propagating degree of freedom. The other three states ^1,2,3 can all be absorbed 
as longitudinal components of three massive vector gauge bosons Z, which are 
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defined by 
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(30) 
(31) 
(32) 



It is convenient to define tan ^14/ = (^'/s'. By measuring interactions of the gauge 
bosons with fermions it has been determined experimentally that g — 0.65 and g' — 
0.35, and therefore sin^ Q-^ = 0.23. 

After performing the redefinitions of the fields above, the kinetic terms for the 
W^, Z^, Afj_ will all be canonical. Expanding the Higgs field about the vacuum, the 
contributions to the lagrangian involving Higgs boson interaction terms are 



^hint — 



T77 



1 + ^ 

V 



2 



3! 



4! 



where 



2 ^22 



2 / 2 I I2\ 2 

^^{9 +9 )v 



m 



w 



ml 



= 1 



sin^ 9 



w 



(33) 
(34) 

(35) 



2\v\ i 



3ml 



r/ = 6A 



3ml 



(36) 



V w 

From our knowledge of the gauge couplings, the value of the vev v can be determined 
from the masses of the gauge bosons: v ~ 246 GeV. 



The Feynman rules for Higgs boson interactions are 

hhh : 



hhhh 



hW^W~ 



hZ^Zjy 



hhw;w-. 



i3ml 



—I 



3ml 



i2'^g^'' 

V 
V 



i2- 



m 



w 



m| 



9nu 



hhZ^Z^ : i2—g^^ 



(37) 
(38) 
(39) 
(40) 
(41) 
(42) 



Fermion masses are also generated in the Standard Model through the Higgs boson 
vev, which in turn induces an interaction between the physical Higgs boson and the 
fermions. Let us start by looking at b quark interactions. The relevant lagrangian for 
couplings with the Higgs boson is 

AC = yhQ[^bR + c.c. where Q{ = {t{ b{) (43) 

where yi, is the Yukawa coupling. The Higgs boson, after a suitable gauge transfor- 
mation, can be written simply as 

1 / n \ 

(44) 




and the interaction lagrangian can be expanded to 



AC = y,Q{<i>bn + c.c. = ^{tibi)(^ 



Mb^Rh + b{bR) (l + ^) = bb (^1 + (46) 




(45) 



where m?, = yi,v/^/2 is the mass of the b quark. 

The quantum numbers work out perfectly to allow this mass term. See Table [T] 
for the quantum numbers of the various fields under the Standard Model symmetries. 
Under SU{2) the interaction Q^j^^bR is invariant because 2 x 2 x 1 G 1 contains a 
singlet. And under U(1)y hypercharge the interaction is invariant because F^t + Y^ + 
Yfo^ = ~| + I ~ I sums to zero. Thus, the interaction is invariant under all gauge 
groups, and we have found a suitable way to give mass to the bottom quark. 

How does this work for giving mass to the top quark? Obviously, Q^j^^tR is not 
invariant. However, we have the freedom to create the conjugate representation of 
$ which still transforms as a 2 under SU{2) but switches sign under hypercharge: 

= icr^$*. This implies that Y^c = and 




when restricted to just the real physical Higgs field expansion about the vev. There- 
fore, it becomes clear that ytQ^'i^'^tR + c.c. is now invariant since the SU{2) invariance 
remains 2x2x1 G 1 and f/( 1 ) y invariance follows from Ygt + Yi^c + Yt^ = ~|~| + | = 
0. Similar to the b quark one obtains an expression for the mass and Higgs boson 
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Field SU{3) SU{2)l \ Q = + ^ 



gl (gluons) 8 1 

{yV^.WD 1 3 (±1,0) (±1,0) 

Bl 110 




Table 1: Charges of Standard Model fields. 



interaction: 

AC = y,Q[mR + c.c. = ^{t[b[)(^''^^^yn + c.c. (48) 
= mt(4ii + t[tR) (^1 + ^^= mt it (^1 + (49) 

where rrit — ytv/V^ is the mass of the t quark. 

The mass of the charged leptons follows in the same manner, ye.E\(^eR + c.c, and 
interactions with the Higgs boson result. In all cased the Feynman diagram for Higgs 
boson interactions with the fermions at leading order is 

hff : (50) 



Wc see from this discussion several important points. First, the single Higgs 
boson of the Standard Model can give mass to all Standard Model states, even to 
the neutrinos as we will see in the next lecture. It did not have to be that way. It 
could have been that quantum numbers of the fermions did not enable just one Higgs 
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boson to give mass to everything. This is the Higgs boson miracle of the Standard 
Model. The second thing to keep in mind is that there is a direct connection between 
the Higgs boson giving mass to a particle and it interacting with that particle. We 
have seen that all interactions are directly proportional to a mass factor. This is why 
Higgs boson phenomenology is completely determined in the Standard Model as long 
as one assumes, or ultimately knows, the Higgs boson mass itself. 



3 The Special Case of Neutrino Masses 

For many years it was thought that neutrinos might be exactly massless. Although 
recent experiments have shown that this is not the case, the masses of neutrinos are 
extraordinarily light compared to other Standard Model fermions. In this section we 
discuss the basics of neutrino masses [2] , with emphasis on how the Higgs boson plays 
a role. 

Some physicists define the Standard Model without a right-handed neutrino. 
Thus, there is no opportunity to write down a Yukawa interaction of the left and 
right-handed neutrinos with the Higgs boson that gives neutrinos a mass. A higher- 
dimensional operator is needed, 

a = j^{ElH^)KElH^) (51) 

where = iyh ^l) is the SU (2) doublet of left-handed neutrino and electron. Taking 
into account the various flavors i = 1, 2, 3 results in a 3 x 3 mass matrix for neutrino 
masses 

{m^)ij = ^ij-^- (52) 

A can be considered the cutoff of the Standard Model effective theory (see lecture [9]), 
and the operator given by eq. (ISTj) is the only gauge- invariant, Lorentz-invariant 
operator that one can write down at the next higher dimension {d = 5) in the theory. 
Thus, it is a satisfactory approach to neutrino physics, leading to an indication of 
new physics beyond the Standard Model at the scale A. For this reason, many view 
the existence of neutrino masses as a signal for physics beyond the Standard Model. 

The absolute value of neutrino masses has not been measured but the differences 
of mass squareds between various neutrino masses have been measured and range 
from about 10~^ to 10~^ eV^ |i2j. It is reasonable therefore to suppose that the largest 
neutrino mass in the theory should be around 0.1 eV. If we assume that this mass 
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scale is obtained using the natural value of A ~ 1 in eq. (l52l) and a large mass scale 
A, this sets the scale of the cutoff A to be 

A.(!|^.10-GeV (53) 

This is a very interesting scale, since it is within an order of magnitude of where the 
three gauge couplings of the Standard Model come closest to meeting, which may 
be an indication of grand unification. The scale A could then be connected to this 
Grand Unification scale. 

Another approach to neutrino masses is to assume that there exists a right-handed 
neutrino z//?. After all, there is no strong reason to banish this state, especially 
since there is an adequate right-handed partner state to all the other fermions. 
Furthermore, if the above considerations are pointing to a grand unified theory, 
right-handed neutrinos are generally present in acceptable versions, such as 5*0(10) 
where all the fermions are in the 16 representation, including z/r. Quantum number 
considerations indicate that is a pure singlet under the Standard Model gauge 
symmetries, and thus we have a complication in the neutrino mass sector beyond 
what we encountered for the other fermions of the theory. In particular, we are now 
able to add a Majorana mass term v'^ia'^VR that is invariant all by itself without the 
need of a Higgs boson. The full mass interactions available to the neutrino are now 

= VijEl^^'v^R + ^vjj^ia^v^^ + c.c. (54) 

The resulting 6x6 mass matrix in the {v^, z/|j} basis is 

where M is the matrix of Majorana masses with values Mjj taken straight from 
eq. (l54l) . and m/5 are the neutrino Dirac mass matrices taken from the Yukawa 
interaction with the Higgs boson 

{.mD)ij = ^v. (56) 

Consistent with effective field theory ideas, there is no reason why the Majorana 
mass matrix entries should be tied to the weak scale. They should be of order the 
cutoff scale of when the Standard Model is no longer considered complete. Therefore, 
it is reasonable and expected to assume that Mij entries are generically much greater 
than the weak scale. In that limit, the seesaw matrix of eq. (155!) has three heavy 
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eigenvalues of 0(M), and three light eigenvalues that, to leading order and good 
approximation, are eigenvalues of the 3x3 matrix 

m|;sht ^ _^lM-^^D ~ (57) 

which is parametrically of the same form as eq. fl52l) . This is expected since the 
light eigenvalues can be evaluated from the operators left over after integrating out 
the heavy right-handed neutrinos in the effective theory. That operator is simply 
eq. flSTj) . where schematically A can be associated with the scale M and A can be 
associated with y"^. 

Neutrino physics is a rich field with many implications for both electroweak 
symmetry breaking and mass scales well above the weak scale. Thus, it may be 
especially sensitive to specifics of the theory at the cutoff scale. Our desire here was 
to show how neutrinos get mass, consistent with Standard Model gauge symmetries 
and the principles of effective field theory. For more details about neutrino mass and 
mixing measurements and phenomenology, I recommend consulting reviews dedicated 
to that purpose [21 [3] . 



4 Experimental Searches for the Standard Model 
Higgs Boson 

As we emphasized in the last lecture, any particle that gets a mass through the Higgs 
boson vacuum expectation value will also couple to it proportional to its mass. The 
phenomenology of the Higgs boson is then completely determined once the mass of the 
Higgs boson itself is specified. It is important to emphasize that despite this rigidity 
in the phenomenology predictions, the Higgs boson is a speculative object. There is 
no direct proof of its existence, although the indirect proof based on compatibihty 
with the data is tantalizing. 

Experimental searches for the Higgs boson have been going on for several decades. 
It would be impossible to summarize the history, but recent developments, which are 
the most constraining and relevant, can be given. There are three experimental efforts 
relevant to this discussion. The first is the search by the LEP2 collaborations at the 
e^e~ collider at CERN. The second is the search by the DO and CDF collaborations 
at the pp collider at Fermilab. And the third is the precision electroweak analysis 
that utilizes the results of a great many experiments, including LEP, SLC, Tevatron, 
etc. 



13 



LEP2 ran their e^e~ collider at energies as high as = 209 GeV center of mass. 
The primary search mode for the Higgs boson at this collider was e^e" hZ. The 
would-be signal is clean and the barrier to discovery is primarily the limitation of the 
center of mass energy. Kinematically, the maximum Higgs boson mass that could be 
produced on-shell at the collider in this mode is = y/s — mz = 118 GeV. The 
cross-section drops rather precipitously near this threshold so the sensitivity cannot 
be quite at the kinematic limit. Statistical fluctuations of candidate events can also 
affect the final lower limit if a signal is not established. Indeed, a signal was not 
established at LEP2 and the final mass limit arrived at by the collaborations [5] 
taking all into account is 

ruh < 114.4 GeV excluded at 95% CL (LEP2). (58) 

Tevatron has some sensitivity to the Higgs boson mainly through channels such 
as gg h^*^ — > WW where the W^s can decay leptonically on one side and into jets 
on the other, along with many other channels such as qq — > Wh lubb, etc. The 
gluon partons that initiate the first set of events are of course plucked out of the p 
and p hadrons. Running at y/s = 1.96 TeV with 2.0 — 3.6 fb~^ of luminosity analysed 
at CDF and 0.9 — 4.2 fb~^ of luminosity analysed at DO, the combined effort [6] yields 
an exclusion of 

160 GeV < < 170 GeV excluded at 95% CL (DO/CDF). (59) 

Lastly, we discuss the indirect limits on the Standard Model Higgs boson. Many 
observables are measured so precisely that a full quantum loop computation is needed 
to show compatibility of the collected measurements of experiment with the Standard 
Model theory. The collection of observables include Z decays measured at LEPl and 
SLC, the W mass at LEP2 and Tevatron, the top mass at Tevatron, muon decay, 
e'^e^ — > hadrons data at many low-energy machines as input to the determination of 
a{mz), etc. The Higgs boson shows up in the quantum corrections in various ways. 
It contributes to the self-energies of the W and Z bosons most especially. Thus, the 
self- consistency of all the experimental measurements depends on the assumed value 
of ruh- For pedagogical reviews of the precision electroweak program see for example 
refs. [HIH]. 

To carry out a complete precision electroweak analysis is a very complicated 
subject with many uncertainties and correlations that have to be taken into account 
simultaneously. A somewhat complete picture of the significant effort required can be 
found in [9l [TOl [11] . Unfortunately, we do not have time to go through all of the issues. 
Nevertheless, let us simplify the discussion to illustrate how the limit on the Higgs 
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boson is obtained. Let us approximate the situation by saying that all parameters 
of the Standard Model lagrangian besides the Higgs boson sector can be represented 
as {p}. The remaining parameter of the Higgs boson sector, as established above, is 
merely the Higgs boson mass. Everything observable can be predicted by knowing 
{p} and rrih. 

The prediction for the i^^ observable, such as the Z width or Z branching 
ratio, we can write as Of^iniy^, {p})- The measurement of the observable is Oj^''* with 
uncertainty AO^^''*. We want to somehow cycle over all our parameters and find the 
optimal set that matches best the experimental measurements. The formal way to 
do this is to construct a function which when minimized gives the best fit to the 
data: 



Now, with this you can ask two questions. The first question is whether the theory 
matches the data. The answer is affirmative if at the minimum of the function its 
value per degree of freedom is not much larger than 1: x^-„/d.o.f. ~ 1. If it's much 
less than 1 then the laws of statistics are being violated and there is a systematic bias 
among the experimentalists to get "the right answer". In the Standard Model, the 
Xmin/d-o.f. is 17.8/13 (see Table 10.2 on page 133 of PjQj), which is good enough to 
establish that the Standard Model is compatible with the data. 

Once it has been established that the theory is compatible with the data, one 
can ask a separate interesting question. What is the allowed interval for a particular 
parameter of the fit? That is decided at the 95% CL by constructing a 



function, and finding the maximum interval range of m/i, allowing all variations of 
{p} needed to minimize Ax^, such that Ax^ < (1.96)^ [12] . This has been done in 
the Standard Model, for example in fig. 10.5 on page 137 of |10|. I reprint here 
in fig. [1] the Ax^ determination from the Summer 2009 update [13] of the LEP 
Electroweak Working Group. The interval has a lower limit well below the direct limit 
of 114.4 GeV, but the upper limit of the interval is ~ 200 GeV. There are various 
precise numbers given, for various assumptions of how to treat a(m^) and what 
complete collection of observables to include, so I am being a little conservative and 
quoting a squiggly number a little above most of the precise numbers listed. See the 
LEP Electroweak Working group website for the very latest in this evolving story |14j . 
Thus, I will maintain somewhat loosely that the indirect precision electroweak fits 




(60) 



^x^{mh, M) = x^imi, M) - xl 



mm 



(61) 
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mn [GeV] 

Figure 1: A^^ fit to electroweak precision observables as a function of the Higgs boson 
mass in the Standard ModeL Detailed description of the plot can be found in [TO]. 
This particular plot is the latest from the summer 2009 update [13]. The 95% CL 
interval is for Ax^ < (1.96)^, leading to rrih ^ 200 GeV upper limit from precision 
electroweak analysis. 

suggest that there is high range of Higgs masses excluded by the data 

rrih > 200 GeV excluded at 95% CL (Precision EW) (62) 

This indirect limit from precision electroweak should not be taken as rigidly as the 
direct limits from LEP2 and Tevatron, since it is relatively easy to form a conspiracy 
with other new states that allow for a heavier Higgs boson [15j . 

Putting it all together, the current expectation is that the Higgs boson must have 
mass somewhere in one of two regions 

114.4 GeV <mh< 160 GeV or 170 GeV < ruh < 200 GeV. (63) 

Another slightly more provocative way of saying it is that the Standard Model is 
incompatible with the data unless the Higgs boson mass falls within this limited range. 
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Discovery will have to wait for much more data at the Tevatron, or more probably, 
the LHC. LHC discovery channels and prospects are also evolving, especially as the 
energy of the machine may go through various unanticipated phases. Excellent places 
to read about the latest studies in this regard are at [161 [H]- 



5 Perturbative Unitarity 

In the previous lecture we summarized the current experimental constraints on the 
Higgs boson and some of the ways that it can be found and studied at the Large 
Hadron Collider. In this lecture we would like to stretch and pull the electroweak 
theory to find regimes where the theory might not make sense any more. After all, 
the Fermi theory of four-fermion interactions described phenomena well when it was 
introduced many years ago, but physicists knew that it only had a finite energy range 
of applicability before the theory became strongly coupled and not useful. Might a 
similar fate befall the Standard Model electroweak sector? 

The first place to poke at the electroweak theory is obviously in high-energy vector 
boson scattering. The reason is that a divergence develops at increasing energy in 
the longitudinal polarization vector of the massive electroweak gauge bosons. What 
might this mean to the calculability of our theory? To answer this question let us 
begin with considering the three polarization vectors of the massive gauge bosons 
V = W^, traveling with three- momentum k in the z direction with magnitude k: 
k = kz. The on-shell four vector of this motion is A;^ = [Ek] k) = [Ek] 0, 0, k) where 
El = k"^ + my is the energy. The three polarization vectors are 

e+(fc) = —={0;l,i,0) (righthanded polarized) (64) 
v2 

^-{k) = ^p(0; 1,-2,0) (lefthanded polarized) (65) 

er(/c) = (k;0,0,Ek) (longitudinally polarized) (66) 

my 

where the polarization vectors satisfy the required identities 

k.e^^ik) = and e^,ik)elik) = -S^b (67) 

for all polarizations a,b = +, —, L. 

Even the most casual inspection of these equations throws up a caution flag: the 
longitudinal polarization vector diverges without bound for Ek 3> my. Thus, any 
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computations of cross-sections with external longitudinally polarized massive vector 
bosons could very well "go strong" as the center of mass energy increases above some 
critical energy, signaling the breakdown of the electroweak theory. Investigation is 
warranted. The more external longitudinally polarized vector bosons that are in the 
process the better, so let us as a thought experiment consider W^Wj^ ^l^l 
scattering and ask at what energy it breaks down. 

Not surprisingly, this concern was recognized in the very early days of the elec- 
troweak theory. An excellent paper that summarizes the situation in the electroweak 
theory is by Lee, Quigg and Thacker [18]. Among other processes in their comprehen- 
sive study, they considered W^W£ — >• W^Wj^ . There are seven tree-level diagrams 
to compute in the electroweak theory that can be grouped into three classes: 

Four point interaction (FP): WWWW four-point interaction. 
Gauge exchange (GE): s- and t-channel 7 and Z boson exchange. 
Higgs exchange (HE): s- and t-channel Higgs boson exchange. 



The amplitudes of any of these classes of diagrams can be written as an exchange in 
the high center of mass energy limit s,t ^ my, m\: 

Computations reveal that 

^(2) = aPp + A'cI^O (69) 

_^(0) _ Aio) ,A^o) AO) '2ml /^.N 

A miracle of cancellations has happened. The amplitude does not grow without 
bound as we go to higher and higher energy. Instead, the amplitude asymptotes to a 
constant value. 

This miracle is equivalent to the miracle of the Goldstone boson equivalence 
theorem pj^, which states that amplitudes of longitudinal boson scattering at high 
energy are equivalent to amplitudes with the Goldstone bosons that ultimately are 
absorbed as the longitudinal components of the vector bosons up to my / s corrections: 

AiWtWj: ^ WiWE) = A{<p+r ^ 0+0-) + O (^^^ . (72) 

The charged Goldstone bosons, 0+ and 0°, are the three states in the Standard Model 
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Expanding the Higgs potential 



2\ 2 

(74) 



about the vev, one finds the relevant interaction lagrangian 



,2 



ml , ,^ ,_ ml 



^<t> = -—H^r - '■^,<\>^<\>-<\>^<\>- + • • • (75) 

where m? = 1\v^ . 



From the interaction lagrangian of eq. fl75|) one can compute the amplitude 



^(0+0- ^ 0+0-) = _^ + ^ ^ ^ Ji (76) 

f2 \s — m'l t — mlJ 

where the far right term comes from taking the limit of s, t ^ m^. This result matches 
what was obtained in eq. (!7T!) . Of course, in this approach we did not necessarily 
expect a problem. Scalar bosons do not have "diverging polarization vectors" to 
worry about. This is a case where looking at the problem with more appropriate 
degrees of freedom reveals simply that a problem we thought might exist never can 
exist. 

Despite the successes of the electroweak theory in controlling its scattering of 
longitudinal vector bosons, a concern remains. The amplitude scales with the as-yet 
unknown Higgs boson mass. If the Higgs boson mass is too large then the theory is 
strongly interacting and we cannot compute anymore. This is not a surprise. The 
amplitude is really just the Higgs boson self-coupling mf^/v"^ ~ A, and any coupling 
that grows too large will create difficulties in a perturbation theory expansion. For 
example, the W^W^ {WW)\oop — ^ W^W~ one-loop amplitude should scale as 
~ 2A^/167r^. This is appropriately sketchy - the factor of 2 is from two one-loop 
diagrams for this process, and the factor of IGvr^ is the generic loop factor. Thus, 
the one-loop contribution would compete with the tree-level amplitude of W^W~ 
W^W~ of size A if A ~ Svr^. So, naively, we can say that the electroweak Higgs theory 
breaks down if mh ~ \/2\v = Attv ~ 3.1 TeV. 



As an interlude, we can approach the question of perturbativity from the per- 
spective of the decays of the Higgs boson into longitudinal vector boson states. The 
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partial widths of Higgs boson decays to VT-bosons and Z-bosons are 



V{h^WW) = 1 !!| + u!^) Jl - 4^4 , (77) 

nh^ZZ) = 1 (l - 44 + 124) (78) 

The width grows quite strongly with m/i, which is another manifestation of the strong 
coupling involving longitudinal vector bosons at high energy. Explicit calculation 
of the longitudinally polarized final states compared to transversely polarized as a 
function of rrih shows that the ratio scales as m^/8m^ for large m/^, which is expected. 
One measure of perturbativity is to ask at what Higgs boson mass does the tree- 
level computed width equal the mass. Of course, when they are equal the tree-level 
computation is not valid, but it is a well-defined algorithm to understand the scales at 
which the theory is behaving badly. Using the above equations, which dominate the 
width0, we find that Th = nih when m/j ~ 1.4 TeV. Likewise, the width is well above 
m/j/2 for nih ^ 1 TeV, and so we can say that the Higgs boson is not a respectable, 
narrow width particle if its mass is in the trans- TeV regim^. This is one measure of 
validity of perturbation theory. 

Let us go back to the longitudinal scattering process W^W[ W^Wj^ . The 
limit of 3.1 TeV that we derived earlier for the Higgs boson mass based on the validity 
of a perturbative expansion of longitudinal W scattering was not very rigorous. We 
can do better by asking ourselves what Higgs boson mass corresponds to a formal 
violation of unitarity if we compute only at tree level. The path to answering this 
question starts with expanding the amplitude in terms of partial waves [21] 

A = '^Ae, where Ae = 16n{2i+ l)P^(cos^)a^ (79) 

The variable i labels the spin-£ partial wave, and Pi{cos6) are Legendre Polynomials 
with 6 being the angle at which the final state deviates from the incoming 
direction. Using orthogonality of the Legendre polynomials, and integrating over |Ap 

^For example, the only would-be competitor is the final state of top quarks, but the branching 
fraction into top quarks is never the leading decay of the Higgs boson for any Higgs mass. 
Furthermore, as the Higgs boson mass increases well above tt threshold, its branching fraction 
decreases rapidly with respect to the vector boson branching fractions because of the latter's 
scaling. 

^The computer program HDECAY [20] gives Th 650 GeV for nih = 1 TeV. 
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one finds the cross-section 

a = "^ai, where = — (2£ + l)|a^|^ (80) 

Conservation of probability for elastic scattering requires 

a. = ^— . (81) 

Varying 25i from to 2tt sweeps out a circle of radius | centered at (0, |) in the 
complex plane of Im(a£) vs. Re(a£). Nowhere on that circle is it possible to have 
Re(a£) > 1/2 or Re(a^) < —1/2, which implies the perturbativity rule that 

|Re(a,)| < ^. (82) 

Since the theory ultimately is perturbative, violating at tree-level the condition ex- 
pressed by eq. fl82l) is equivalent to saying the tree-level computation is unreliable and 
our perturbative description of the theory is not valid at high energies. Of course, 
it does not mean that the tree- level contribution cannot be greater than |, since 
there can be cancellations at higher order to bring a tree-level result oi ^ + e down 
to below |. Nor should it be considered as the rigorous value to compare with the 
reliability of a calculation. However, in a perturbation theory, it is expected that 
being near the unitarity limit of ai at some fixed low order is an indication that the 
perturbation expansion may be in trouble. The criteria is well-defined, but as usual 
with any discussion of this nature, the physics content of the precise statement is not 
as precise. But let us take it seriously. 

To compute the values of the Higgs boson mass that violates eq. fl82|) we must 
first find the various partial wave expansion coefficients. In the very high energy limit 
s ^ the zeroth partial wave is 



mt mi , I s \ (—1) / ^ 



2 + ^-^log — - V 



mi s \ mi I — ' n 

n=2 



lovrs J_g IbiTV 
In the limit that the energy is much greater than the Higgs mass one finds 

2 

ao ^ in the limit s > . (83) 

Applyling eq. ( l82i) to this result one finds 



ml 



< ^ =^ mh< 2vy^ = 870 GeV. (84) 
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What this is purported to mean (see caveats below) is that there is no perturbative 
description of the Standard Model for arbitrarily high energies if the Higgs boson 
mass is greater than this critical mass of 870 GeV. 

The perturbativity limit of 870 GeV can be reduced even further down to about 
710 GeV by taking into account more 2 — 2 scattering amplitudes that depend on 
the Higgs boson mass, such as WlWl — ^ ZlZl, etc. [22l [231 121] • There is a matrix 
of these kinds of amplitudes. When diagonalizing it, one finds a particular linear 
combination of incoming states and outgoing states that has the highest oq partial 
wave. After some analysis one finds that the amplitude is such that a Higgs boson 
mass greater than 710 GeV violates eq. (!82|) . 

Be careful how you think about this bound of 710 GeV. The number is computed 
by a precise definition - tree-level partial wave unitarity of two-to-two processes in 
the electroweak theory - but the number's physical meaning is not as precise, for the 
same reasons that we discussed above. For example, the electroweak theory does not 
go from a highly convergent well-behaved perturbation theory at m/j = 709 GeV to a 
disastrously out of control non-perturbative theory at rrih = 711 GeV. Although it is 
true that the pretense that the calculation is under control is self-evidently suspect 
above the perturbative unitarity limit, higher-order corrections are still required to 
make decent predictions when the Higgs mass is large even if below the perturbative 
unitarity limit. Indeed, higher-order corrections may push the amplitude over the 
perturbative unitarity edge. Likewise, if you dream up new physics that cancels the 
tree-level graphs and enables a Higgs boson of, say, 900 GeV to satisfy the unitarity 
limits at tree-level, that does not mean that at the next order of computation things 
remain perturbatively under control. Declarations of perturbative unitarity cannot 
be made solely upon unprincipled, manufactured cancellations at any finite order in 
perturbation theory. 



6 High Scale Perturbativity and Vacuum Stability 

When considering the full domain of applicability of the electroweak theory, we must 
ask what the behavior of the couplings is at very high energy. In the Standard Model 
there are several couplings that are reasonably large at the electroweak scale: the 
gauge couplings gi = {0.41,0.64,1.2}, the top Yukawa coupling yt = ^/2mt/v ~ 1, 
and the Higgs boson self-coupling A = m\/2v'^. When scattering at very high energies 
there can be large logarithms log{E/MEw) with prefactors of these couplings. Large 
logarithms are best summed by renormalization group techniques. Therefore, in this 
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lecture, we will look at the behavior of the large couplings of the Standard Model 
in the ultraviolet by employing the techniques of renormalization group evolution. 
These RG equations are [251 ISSjfl 

dgi ^ 41 gf dg2 ^ 19 gj dg^ ^ ^ qI 

dt 10167r2' dt 6 167r2' dt IQn"^ ^ ' 

dyt 17 2 9 2 o 2 9 2 



dt 167r2 V 20^1 + 2^* 

^ ^24A^ - A ( ^-gf + 9gl + 12y^) +l(lgt + Ighl + gt] - ^Vi 



dt 167r2 V V5"^ ' ' "V ' 8 V25"^ ' 5 

where t = \ia{Q/Qo), and 



g, = ./f V^1^3^ ~ 0.46 (GUT normalized) (86) 
V 3 cost^vK 

92 = . . ^ 0.65 (87) 

smdw 
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\/ ATiaz{mz) — 1.2 
m| 
2^2 



A = ^ where v = 246 GeV. (89) 



We will look for two breakdowns of the theory in our analysis: perturbative validity 
and vacuum stability in the UV. We begin with perturbative validity [27] . If any of the 
couplings gets very strong at some high scale we will posit that the Standard Model 
theory is no longer a good description above that scale. The A coupling is uncertain 
since we do not know the Higgs boson mass, but if it is large it will continue to 
grow into the ultraviolate due to the +24A2 term in its RG equation. When the 
coupling goes strong by some definition, e.g. A > 47r or A > v^ivr, at some scale, 
it is also the case that it will quickly develop a divergence, or Landau pole, at a 
scale very soon above that. We of course are discussing computations that are being 
performed at fixed order in perturbation theory and are not technically valid in the 
strong coupling regime. Nevertheless, we have no reason to suspect that a strongly 
coupled theory at one loop would suddenly be very well behaved at higher order, so 
it is a good approximation to continue with the analysis. Thus, we will conflate the 
two definitions into one and call this scale Qlp ^ the scale at which A diverges into a 
Landau Pole. If our theory encounters a scale Qlp in its RG evolution into the UV, 

■^In the RG equations I have taken into account that my Higgs self-coupHng is defined by = 
A|$tc[)|2 + . . . (i.e., m\ = 2Au^ where (<i>) = v/V^), whereas the one of refs. [151 US] is defined by 
V = iA|$t$|2 + . . . (i e., ml = where ($) = v/V^). 
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we will say that it is perturbatively valid for all E < Qlp, but unknown or not valid 
for E > Qlp. 

Inspection of the RG equations (185|) shows us that in the limit of large Higgs mass 
the term that dominates the RG equation of the Higgs self-coupling is the +24A^ 
term. The RG equation in this limit simplifies to 

dX 3A2 ^ ^ 

which is easy to solve 

MQ) = — • (91) 

l-^ln(Q/go) 

The Landau pole occurs where the denominator goes to zero, which enables us to 
solve for the Landau Pole Qlp scale in terms of A(Qo) at the scale Qq. Choosing 
Qq = mil one finds 

l-^-^ln^--J=0 ^ g,p = m.exp(^^J (92) 

A few example values are if nih = 200 GeV (300 GeV) the Landau pole scale would 
be Qlp — 9 X 10^ GeV (2 x 10^ GeV). In fig. [2] the upper curve traces out the ordered 
pair values of (m^, Qlp) where A-axis of the plot should be interpreted as Qlp for this 
upper curve. The plot was made more carefully [28] than the simple approximation 
above, with all couplings included in the RG evolution at two loops. Uncertainties in 
the top quark mass are not terribly important for this particularly calculation. What 
we see is that if the Higgs boson mass is less than 180 GeV the theory is perturbative 
all the way up to the Planck scale of ~ 10^^ GeV. 

The second breakdown of the theory may be vacuum instability [271 ISll [301 128] . 
Motivated by the various terms in the RG equation for the Higgs boson self- coupling, 
and the uncertainty in A due to present ignorance of the Higgs mass, we can envision 
a scenario for a light Higgs boson where the —Qyf term dominates in the RG equation 
for A. If that is the case then at some scale A turns negative. Let us call this scale Qng 
where NG is short for "A goes negative." This is a disaster for the Higgs potential, 
since A0^ is the only important term in the potential when the field values of are very 
large. Thus, it is to be expected that new physics should come in at scales roughly 
near Qng to lift the potential up, whatever the appropriate degrees of freedom are, 
and keep our vacuum stable for at least the lifetime of the universe. 

In fig. [2] the lower curve traces the ordered pair {rrih^QNG) solution. The x-axis 
label A should be interpreted as Qng for the lower curve. For example, if the Higgs 
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Figure 2: The upper curve is to be interpreted as the Higgs mass nih that leads to 
a Landau pole in the Higgs self couphng at the scale A (= Qlp)- The lower curve is 
to be interpreted as the Higgs mass rrih that leads to the Higgs self coupling turning 
negative at the scale A (= Qng)- Plot taken from ref. |28] . 

mass were to have been found at about 60 GeV it would have implied that our vacuum 
is unstable, unless new physics came in at about the TeV scale to lift the potential. 
If the Higgs mass is greater than about 130 GeV then there is no vacuum stability 
concern all the way up to the Planck scale. 

As a final comment to this lecture, some people have labeled the Higgs boson mass 
range of 130 GeV ^ nih ^ 180 GeV the "nightmare scenario" , since by the arguments 
above there would be no firm computational reason to declare with certainty that 
new physics must be present below the Planck scale. Anxiety increases when one 
realizes that the precision electroweak analysis and direct limits of the Higgs boson 
that we discussed in an earlier lecture are forcing us into that Higgs mass window 
independently. To me this concern is not so severe, since 1 interpret the data as 
suggesting that the Higgs sector coupling A must match to a reasonable perurbative 
coupling at some high scale, perhaps through a few steps but nevertheless the physics 
from here to the Planck scale is perturbative. This gives slight preference for the Higgs 
mass to be in the "nightmare" range without the terror. Minimal supersymmetry is 
an example theory of this category. 
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7 Adding Another Higgs Boson: Electroweak Sym- 
metry Breaking 



We have analyzed the Standard Model Higgs boson and find an appealing framework 
for giving mass to vector bosons and the fermions. However, it is natural to ask 
ourselves about the possibility of having more than one Higgs boson, just as we have 
more than one electron (i.e., muon and tau leptons), more than one down quark 
(i.e., strange and bottom quarks), and more than one up quark (i.e., charm and top 
quarks). Let us take that option seriously in this section and discuss some of the 
issues relevant for electroweak symmetry breaking. 

As we will see in the next section, adding another Higgs boson can be very 
dangerous from the perspective of flavor changing neutral currents (FCNC) if we 
allow it to couple arbitrarily to Standard Model fermions. For this reason, let us 
suppose that the new Higgs boson $2 does not couple to the Standard Model fermions, 
although its Standard Model quantum numbers (2, 1/2) are the same as the first Higgs 
boson $1. This can be ensured by making it odd under a Z2 symmetry, while the 
other Higgs boson is even: 

$1 ^ $1 (93) 
$2 ^ -^2- (94) 

The fermions of the Standard Model can be odd or even / — > ±/ with impunity, and 
the gauge bosons are even. 

The most general Higgs potential that we can write down with these symmetries 

is 



y($i,$2) = /i?i$ii'+/i'i$2r+Aii$ii^+A2i$2i^+A3i$in$2r 

+ A4($^$l)($I$2) + 



^($1$2)^ + C.C. 



(95) 



Without loss of generahty all the \ couplings are real. Hermiticity demands it for 
all \i except A5, which can be rotated to real by $2 absorbing its phase. 

The potential must be bounded from below in all field directions. One can test for 
dangerous runaway directions by parametrizing field excursions such as ($1,^2) — ^ 
(a, a) where a can be arbitrarily large in value. Here are a few field directions to 
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consider and their corresponding unbounded from below (UFB) constraints: 



($1, $2) direction 



UFB constraint 



(a,0) Ai > 

(0,a) A2 > 

(a, a) Y.i -^i > 

{Xl^\, A}/'a) A3 + A4 + As + 2y^2 > 



(96) 



The third constraint is never as powerful as the fourth constraint and is superfluous 
to write down. 

The most general vacuum expectations values for the two $1,2 Higgs fields can be 
expressed as (see, e.g. 



$1 




and $2 



U'2 



V2e 



(97) 



A non-zero U2 would indicate the full breaking of SU{2) x f/(l)y, and in particular 
the photon would obtain mass. Let us carry forward for now with this general vacuum 
structure to investigate the consequences. 

For the potential to be stable we must be at a minimum, which is to be determined 
by setting dV/ d(f)i = for all real fields (pi defined in 



$1 



The minimization conditions 





and 



derived from each of these derivatives are 
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(A4 + X5)u2ViV2 COS ^ = 

(A4 - X5)u2ViV2 sin^ = 

vi [fij + 2Xivf + Xiv'^ + X^v'l COS 2^ + X^iul + v'^)] = 
X5V1V2 sin 2^ = 

U2[l^l + hvj + 2X2{ul + ^2)] = 
= 

V2 COS ^[/xi + (A3 + A4 + X^)v\ + 2X2[ul + vl^\ = 
V2 sin ^[/x2 ^ (^Xs + A4 - X5)vf + 2X2iul + ^2)] = 



(99) 



Inspection of these equations tells us that except for possibly at special points where 
A4 ± A5 = there is no hope in satisfying the minimization conditions if all three vevs 
Vi,V2,U2 are nonzero. 



27 



If we allow both {vi,U2) to be non-zero and V2 = 0, we are in the situation 
of full breaking of SU{2) x U{1)y- When analyzing the spectrum one finds four 
massless scalars, which are Goldstone bosons to be eaten by the four generators of 
SU{2) X U{1)y to form longitudinal components of massive W"^, Z and A. There 
remain four physical scalar states in the spectrum 



rri: 



m-j 



1712 — 

93 



rrij ~ 

04 



{X4 + X^){ul + vl) 
(4A2 - Xl/Xi)ul 



(100) 
(101) 
(102) 
(103) 



where the last two mass eigenstates are derived under the assumption that U2 -C f2- 
In order for this theory to have a stable minimum all must be positive, which 
puts the condition on the couplings that 



Ai > 0, A4 + A5 > 0, A4 - A5 > 0, 4A1A2 - A3 > 



(104) 



which is easily satisfied over large parts of parameter space. Thus, a random dart 
throw in the space of couplings of a general two Higgs doublet model can "just as 
often" give a massive photon as a massless photon. It is for this reason that some 
people are turned off [32] by the general two Higgs doublet model compared to the 
Standard Model Higgs doublet theory that guarantees the photon does not get mass. 

But let us carry on. We are more interested in the case where the symmetry 
breaking is proper SU{2) x f/(l)y — * U{l)em- Thus, we take the other case where vi 
and V2 are non-zero. The minimization conditions become 



= 
= 

vi \iJi\ + 2Xiv\ + X^vl + X^vl + X^vl cos 2^] = 
Asf if I sin 2^ = 
= 
= 

V2 COS ^[/ii + (A3 + A4 + X^)vl + 2X2VI] = 
V2 sin ^[^2 ^ + A4 - X5)vl + 2X2VI] = 



(105) 



Choosing fil and appropriately to zero out the conditions 
with only two non-trivial conditions yet to be satisfied: 

04 : Asf if I sin 2^ = 
08 : A5fif2 sin^ = 



and 



we are left 



(106) 
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We will see shortly that we need A5 7^ so that leaves us with the requirement that 
^ = or TT. We choose ^ = for our convention, since the opposite sign = tt) can 
be reabsorbed by a field rephasing of $1 or ^2, take your pick, which simultaneously 
flips the sign in front of the A5 term of the potential. 

We need to check if this solution is stable. To do that we require that the second 
derivative of the potential, i.e. the mass matrix, be positive definite. The 8x8 mass 
matrix in the {0i, 02, ■ ■ ■ , ^s} basis is A4^.^. ~ 



' -(A4 + A5)«2 











(A4 + \^,)viV2 
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The large number of zeros in this matrix enables us to find very quickly what the 
eigenvalues are by solving four 2x2 matrices. These matrices arise from 0^0^+4 
mixing for k = 1,2, 3, 4. To begin with, we look at the 4>i4>^ and 0206 mixings, which 
have the same 2x2 mass matrix: 



-(A4 + A5)^;| (A4 + A5)^;it;2 

(A4 + A5)t'if2 -(A4 + A5)ff 



(107) 



which leads to four eigenstates 

mQ± — (charged Goldstone bosons) 

m^± = — (A4 + A5)(t'^ + fg) (charged Higgs bosons). 

Now let us look at 0408 mixing: 

-2A5f2 2A5fif2 



(108) 
(109) 



This leads to two eigenstates 
,2 



2A5W1W2 -2\5vl 



(110) 



rriQo = (neutral Goldstone bosons) 

— 2A5(t'^ + V2) (neutral pseudoscalar boson). 



(111) 
(112) 



Finally, there is 0307 mixing: 



AXivl 2(A3 + A4 + \5)VlV2 

2(A3 + A4 + X5)viV2 4A2V| 



(113) 
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This is the 2x2 mass matrix for the two physical neutral scalar Higgs bosons of the 
theory, hP and H^. The sum of the eigenvalues is the trace of the matrix 

mlo + m%o = 4AiU^ + 4:X2vl (114) 

The mixing angle to rotate from {03, ^y} basis to H^} basis is usually called a, 
which is defined by convention to satisfy 



H \ / cos a sin« 



^3 



sm a cos a I \ (pj 



(115) 



The solutions arc obtained by simple eigenvalue, eigenvector analysis of the 2x2 
matrix, and one obtains 

sm2Q; = — , 116 



^y{Xivf-X2viy + 4rj'^vt 
Xivj - X2VI 



cos2a = ' ' (117) 



and 



ml, = 2Xivl + 2A2^2' - |2Ai^i^ - '2^2vl\]J 1 + 4 ( ;^^^rr^^^2 ) (^Q) 
where for simplicity I have defined 

77 = ^(A3 + A4 + A5). (120) 

Prom our solution we have learned several things. We have computed three 
massless states that correspond to the Goldstone bosons of SU{2) x U{1)y f/(l)em 
symmetry breaking. These states become the longitudinal components of and 
Z^. We also require that the mass matrix be positive definite, which puts important 
constraints on the parameters of the theory. For example, from the charged Higgs 
and pseudo-scalar Higgs boson masses we know that 

A4 + As < 0, and A5 < (121) 

is required. Note, the sign condition on A4 + A5 is exactly opposite to that of the 
case where M2 7^ and the photon gets a mass. An interesting question is whether 
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(0,0) 

Figure 3: Parameter space for massive versus massless photon in the type I two Higgs 
doublet model of eq. (l95l) . The partition of the parameter space between massless 
and massive photon for A5 < is obtained by reflecting this plot around the A5 = 
axis. 

the "photon mass region" we specified earlier, through conditions only on A4 and A5, 
could have been consistent with U2 = and f 2 7^ vacua if other parameters were 
adjusted. The results here answer that question as a definitive no. If A4 + A5 > it 
is impossible to have a vacuum with vi,V2 7^ 0, and the only option remaining is the 
massive photon vacuum of U2 7^ 0. Fig. [3] plots the parameter space in the A4 vs. A5 
plane that corresponds to massive photon and massless photon cases, in agreement 
with [21] • 

Finally, it appears that there is a large region of A5 > and A4 — A5 < that 
has no solution. However, the vacuum structure is symmetric about either sign of A5 
because of the rephasing that we can do to change f 2 < = tt case) to f 2 — > — f 2 
and A5 — * — A5. Thus, the partition of the parameter space between massless and 
massive photon for A5 < is obtained by reflecting fig. [3] around the A5 = axis. 

Let us point out another interest result in this analysis. The physical pseudoscalar 
mass scales to zero m^o — > as A5 ^ 0. A massless electroweak pseudoscalar is not 
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allowed by the data, and so if we want to avoid this problem we have to be sure that 
our theory allows a A5 coupling. The reason behind this result is the usual reason 
behind such scaling behavior. There is a symmetry that protects the pseudoscalar 
mass as A5 — s> 0. If it were not for the A5 term in our potential then it would be possible 
to rephase one of the fields, say $1, arbitrarily with respect to the other field. When 
the field gets a vev, this global symmetry is spontaneously broken, thereby leading to 
a Goldstone boson. In that limit, is identified as a Goldstone boson of $1 rephasing 
symmetry. To give mass we need explicit breaking somewhere in the theory. The 
A5 term provides that for us since ($|$2)^ does not allow arbitrary rephasing of $1 
with respect to $2- For small coupling A5 the pseudoscalar mass is much smaller than 
the characteristic scale of the problems, + ^2, and we might call it a pseudo-Nambu 
Goldstone boson. If A5 ~ 1 then we can drop all such modifiers since we can no longer 
make the pretense that the rephasing symmetry is approximately or nearly valid. 

This kind of argument occurs time and time again in particle physics. The most 
famous early application is in pion physics. Why is the pion so small in mass with 
respect to the proton? The reason is that massless quarks respect an SU (2) l x 
SU{2)ji chiral flavour symmetry - left and right handed quarks can be separately 
rephased in SU{2) space with respect to each other. Chiral symmetry breaking of 
QCD spontaneously breaks this to the vector subgroup SU{2)l x SU{2)r SU{2)v 
leading to three massless Goldstone bosons Tn ±fi — 0. But we know pions are not 
exactly massless. They get their mass by virtue of the quarks' elementary masses 
mqq\qR + c.c, i.e. from tiny explicit breaking of the full chiral flavor symmetry that 
does not allow to be rephased completely independently from q^. Thus, pions 
ultimately do get mass oc mqim-proton- Since -C ^proton we conclude that 

-C ^proton- this analogy, A5 is like the quark masses, and f^2 is like Aqcd or 
the proton mass. 

You might be concerned that in supersymmetric theories there is no such coupling 
A5. But do not fear. In that theory there is no Z2 symmetry between the two Higgs 
doublets and we are allowed the all important B^^u^d interaction that explicit breaks 
any attempted independent rephasing. Thus, we already know that the pseudoscalar 
mass in supersymmetry must be m^o oc i?^, as we will see later in lecture [TOl 
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8 Adding Another Higgs Boson: Flavor Changing 
Neutral Currents 



In the previous section we assumed that the second Higgs boson possessed an odd 
charge under a global Z2 discrete symmetry in order to forbid its coupling to fermions. 
We did this using the argument that generically one expects large flavor changing 
neutral current (FCNC) problems otherwise. In this lecture we discuss this challenge 
to a multi-Higgs doublet theory, and conclude the discussion with a simple theorem 
that expresses how a large class of theories with multiple Higgs bosons can avoid the 
bane of tree-level FCNC. 

Our theory is the general two-Higgs doublet model with fields $1 and $2, just 
as in the previous lecture, but without any extra Z2 symmetry. We will not focus 
on the electroweak symmetry breaking aspects of this model since the techniques of 
the previous lecture immediately apply. Rather, we worry about the Higgs boson 
interactions with the fermions. From the perspective of both EWSB and flavor 
physics, there is a Higgs field basis that is particularly interesting. Let me call it 
the "RungB ba=i=». It i. defined to be the b;=i. in whiA one Higgs field carries the 
full vev, $^ei;, and the other Higgs field is perpendicular to it, <l>x: 

^„ev = — $1 + — $2 = cosa;<l>i + sinco'$2 (122) 

V V 

t>2 fi , . 

<I>^ = $1 H $2 = -sincu^i + coscj$2 (123) 

V V 

where v"^ = v'l + v^, cos uj = vi/v and sinu; = V2/V. The angle oj is usually denoted 
by (3 in the literature, but to minimize confusions I want to only use (3 in the 
supersymmetric two-Higgs doublet model later. 

The Runge basis is very helpful from the EWSB point of view also, since we know 
the Goldstone bosons must be contained entirely within the field that gets the vev 
^vev Thus, in this basis we can identify 

= ( 1(^1^ -ro^ 1 ' and $x = I ) (124) 

where G^'*^ are the Goldstone bosons, the physical charged Higgs bosons, the 
pseudoscalar Higgs boson, and ipi^2 the physical scalar Higgs bosons. 

^Runge is my 3'''^ great-grandfather of physics and was the world's expert on vectors. He wrote a 
famous book on the subject (Die Vektor analysis des dreidimensionalen Raumes, 1919), which led to 
his name being attached, somewhat undeservedly, to the Runge-Lenz vector of classical mechanics. 
In that tradition, and also because of its winsome euphony, I call it the "Runge basis." 
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The Runge basis is helpful from the perspective of flavor physics since all the 
fermions must get mass only through ^^ev Thus, after a suitable rotation of the 
fermion weak eigenstates into mass eigenstates, the couplings to ip[ must be diagonal, 



/ 

,m 



V^'ififj '■ ^ — (Feynman rule), (125) 

where / indicates one of three species fermions: up-type quarks (/j = {u, c, t}), down- 
type quarks (/j = {d,s,b}) or leptons (/« = {e,/i, r}). The couplings to and A° 
can be anything and are in general not diagonal: 

f2fifj ■ 'iiij (Feynman rule) (126) 
: (Feynman rule), (127) 



and we will take = [33] . 



The CP even mass-eigenstates are a linear combination of (p'l and (p^ through the 
mixing angle a' 




cos a' sin a' 
— sin a' cos a' 




:i28) 



which leads to final expressions for the Feynman rules of the mass eigenstate scalars 
with the fermions: 



Hfifj ■ i cos a' ^6ij + i sin a' d (129) 

V 

f 

hfifj : — z sin a' — -6ij + i cos a' C,-,. (130) 



V 



The existence of arbitrary flavor couplings ^/^ in this extended Higgs sector is 
dangerous to flavor physics. Stringent flavor observables within this context are 
mass splittings in F° — F mixing [33|. Within the Standard Model, these mass 
splittings are accomplished via box diagrams with and quarks in the loop (see 
Fig. Hj). Experimental results are nicely consistent with these being the dominant 
source of FCNC. With generic ^{j couplings in the two-Higgs doublet model, the 
mass splitting predictions can be significantly higher since they can occur through 
tree- level interactions of the sort qq' higgs* — >■ q'q. 

Let us quantify the extent of this challenge to flavor physics compatibility. The 
Standard Model diagram and the Higgs exchange diagrams are given in Fig. |H The 



34 



Meson (quarks) Bp Jf (GeV) AM^'p* (GeV) 

(sd) 079 0.159 (3.476 ± 0.006) x IQ-^^ 
B^{bd) 1.28 0.216 (3.337 ± 0.033) x lO^^^ 

D°(cm) 0.82 0.165 (0.95 ± 0.37) X 10"^^ 

Table 2: Data associated with the neutral mesons K^, and D'^. Values are obtained 
from El [351. 



mass-splitting of F° — resulting from the exchange of neutral Higgs bosons can be 
parametrized as 

MpAMp = Bp{df ( cos^ a'-^ + sin^ a'^ - (131) 



where 



BpflMl Ml , , , 

Y [ml + m-'-y 



BpflMl ( , llMl 



6 Y [ml + mj)2 



(133) 



and ij = ds, db and uc for K^, B^ and respectively. Bp constants are recalibration 
factors for having used the vacuum insertion approximation, and fp are the decay 
constants. See Table [2]for their values. The formulae of eq. fll3ip with these constants 
should give computations to accuracy within factors of 0{1). The experimental values 
for AMp are given in Table [H 

It is straightforward to use the results of the theory computation above and the 
experimental limits of Table [2] to place limits on how large can be [531 ES]- These 
limits depend on many factors, including a' and the three different Higgs boson 
masses. For simplicity, let us assume that all Higgs mass are equal to the common 
value mHiggs and define 

/mCeVy^ (134) 



^Higgs / 



The Standard Model prediction for AM^o, for example, is AM^^^ = (4.5 ± 1.0) x 
10~^^ GeV This gives a sense for the computational uncertainties involved. 

Therefore, let us be simple-minded and conservative here to illustrate the important 
point that ^/'s need to be small. Let's require that the Higgs boson contributions 



35 




Figure 4: Flavor changing neutral current contributions to — B'^ mixing from (a) 
Higgs exchange diagrams in arbitrary two-Higgs doublet model, and (b) Standard 
Model gauge contributions. Note that the Standard Model diagrams are one-loop 
whereas the competing Higgs exchange is tree-level. Experiment is consistent with 
Standard Model results, which implies severe constraints on the Higgs flavor-changing 
neutral current couplings ^-j <^ 1. 

for the B^ mass splitting is bounded by AM^o < 10"^^ GeV. This translates into a 
bound of C,db ~ 10~^, which is quite small. Similar results follow for the other flavor- 
changing C,{j couplings, and it is hard to imagine that random choices for the entries 
would satisfy the constraints. 

There is a general class of solutions to this problem while admitting the existence 
of extra Higgs bosons in the spectrum. Tree-level FCNCs do not arise if Higgs boson 
interactions with the fermions take the form 

ACf = yffii + y^Qi + y'rfL, F,{{^u]) e,R + cc. (135) 

where Fu,d,ek{^^]?i) are functions of Higgs fields {$a:}, constrained only by the re- 
quirements that they are independent of the fermionic flavor indices j and that 
transform like an SU{2)l doublet with hypercharge —1/2, and and Fe transform 
like SU{2)l doublets with hypercharge 1/2. 

The generalized form of eq. fll35p subsumes many ideas already present in the 
literature. For example, the Standard Model Higgs sector is F„ = Hgj^^ and Fa = Fe = 
HsM- The Type II [37] two-Higgs doublet model [22| is F„ = Hu and Fa = F^ = Hd. 
The type I two-Higgs doublet model [22] is Fu = $i and Fd = Fe = $* with an 
additional $2 that does not couple to fermions. The leptophilic Higgs model of 
ref. [38] is F„ = 0*, Fd = (f)q and Fe = (pi. 
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There are an infinite variety of models that can satisfy eq. (11351) . However, 
principles are expected to be at work to fall into this general class if there are more 
than one Higgs boson. In the case of supersymmetry, as we will see, the type II 
structure follows from holomorphy of the superpotential. In the case of type I theories, 
it is usually assumed that the second Higgs boson has, for example, a discrete Z2 
symmetry $2 = —$2 that forbids its direct coupling to fermions whereas $1 does 
not. This was the example that we initially studied in lecture [7] with the promise 
that it was a good illustration that did not violate fiavor constraints. This approach 
has been nicely illustrated recently in the model of [39j, where a selection rule was 
identified that forbids the second Higgs doublet from coupling to fermions. 

The main summary point here is that extra Higgs bosons are likely to violate 
FCNC constraints due to tree-level mediated interactions unless a principle is invoked 
that ensures compliance with the condition of eq. fll35p . The most straightforward 
principles that can do this are restrictive global symmetries or, in supersymmetric 
theories, holomorphy of the superpotential. Of course, concerns about FCNCs do 
not completely vanish when the tree-level contributions are eradicated. One-loop 
contributions generally are always present. Most famously, the charged Higgs boson 
and top quark loop contribution to 6 — 57 inclusive rare decays competes with the 
Standard Model VT-boson loop and top quark loop-induced decay, yielding important 
constraints on the masses and couplings of any multi-Higgs boson doublet model [iO] . 

9 Essay on the Hierarchy Problem 

The Standard Model with its postulated Higgs boson is an unsatisfactory theory for 
many reasons. There are several direct data-driven reasons why it is incomplete. The 
Standard Model has no explanation for the baryon asymmetry of the Universe. For 
some reason there are many more protons than anti-protons, and if the Universe is 
cooling from some primordial hot state with particles in thermal equilibrium that is 
unexpected. Some mechanism that goes beyond the Standard Model dynamics must 
be at play. Similarly, there is plenty of astrophysical evidence for dark matter in the 
Universe. This dark matter helps to explain structure formation, cosmic microwave 
background radiation, galactic rotation curves, etc. The problem is the Standard 
Model has no candidate explanation, and new physics must be invoked. 

There are many other reasons to consider physics beyond the Standard Model. 
The three gauge forces could be unified and the matter unified within representations 
of a grand unified symmetry. The many different parameters of the flavor sector are 
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hard to swallow without envisaging deeper principles that organize them. Further- 
more, the integration of the Standard Model with quantum gravity is not obvious, 
and many people think a deeper structure, such as that built from strings and branes, 
is needed for their coexistence. 

So, there are many reasons to believe that there is physics beyond the Standard 
Model. But the issue that is front and center for us now, relevant to Higgs boson 
physics and electroweak explorations at the Large Hadron Collider, is the Hierarchy 
Problem. The Hierarchy Problem is often expressed as a question: Why is the weak 
scale (~ 10^ GeV) so much lighter than the Planck scale (~ lO^^GeV)? It is a bit 
uninspirting when phrased this way, since it begs the question of why we should be 
concerned at all about a big difference in scales. Blue whales are much bigger than 
nanoarchaeum equitans but we do not believe nature must reveal a dramatic new 
concept for us to understand it. 

A knowing-just-enough-to-be-dangerous naive way to look at the Standard Model 
is that it is the "Theory of Particles" , valid up to some out-of-reach scale where gravity 
might go strong, or some other violence is occurring that we do not care about. It is a 
renormalizable theory. I can compute everything at multiple quantum loop order, set 
counter terms, cancel infinities that are fake since they do not show up in observables, 
and then make predictions for observables that experiment agrees with. Quadratic 
divergences of the Higgs boson self-energy, which so many people make a fuss about, 
are not even there if I use dimensional regularization. The theory is happy, healthy, 
stable, and in no need of any fixes. New physics near the electroweak scale can still be 
justified [HI |12] after dismissing naturalness as impossibly imprecise to understand at 
this stage, or as merely a purely philosophical proble but the urgency is certainly 
diminished for it being at the electroweak scale. 

This viewpoint that the Standard Model is complete can be challenged right at 
the outset. It is simply not the "Theory of Particles" - it does breakdown. It is an 
effective theory, even if one thinks there is a way to argue it being valid to some very 
remote high scale where gravity goes strong, such as Mpi. As an effective theory, 
all operators should have their dimensionality set by the cutoff of the theory [13]. If 
operator O^'^^ has dimension d then its coefficient is cA'^~'^, where A is the cutoff of 
the theory and c is expected to be ~ 1 in value. Irrelevant operators with d > 4 
cause no harm. Same goes for d = 4 marginal operators. The Standard Model is 
almost exclusively a theory of li = 4 marginal operators with its kinetic terms, gauge 

^One definition of philosophy could be the study of incompatible views held by smart, fully 
informed people of high integrity. In addition to such lofty debates as Free Will vs. Determinism, it 
includes deciding on the utility of various Naturalness criteria in theory building. 
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interaction terms, and Yukawa interaction terms. What is potentially problematic is 
the existence of any d < 4 relevant operators. In that case, the coefficients should be 
large, set by the cutoff of the theory. 

Does the Standard Model have any gauge-invariant, Lorentz- invariant relevant 
d < 4 operators to worry about? Yes, two of them. The right-handed neutrino 
Majorana mass interaction terms uj^ia'^un, which is d = 3, and the Higgs boson mass 
operator l-ffp, which is d = 2. The expectations of effective field theories is that the 
scale of the coefficients of these operators should be set by high-scale cutoffs of the 
theory and disconnected from any other surviving mass scale in the infrared. As we 
saw in lecture [3] this expectation is nicely met in the neutrino case, where we have 
actually measured the masses and see a self-consistent picture for large Majorana 
masses for the right-handed neutrinos, which serve as cutoff scale coefficients. These 
coefficients are tied to lepton number violation, for example, and not electroweak 
symmetry breaking, and therefore have naturally large values above the weak scale. 

It did not have to be that way with neutrino physics. It could have been that the 
neutrino sector was shown experimentally to have independent left and right-handed 
components and the masses were of order the weak scale. This would have been 
in violation of effective field theory expectations, unless new symmetries tied to the 
weak scale were discovered to protect the right-handed neutrino from getting a large 
Majorana mass. The fact that that the neutrino sector conforms with effective field 
theory expectations should be viewed as contributing evidence for these concepts. 

In contrast to the neutrino operator, the d = 2 Higgs mass operator in the 
Standard Model is unwelcome if its coefficient is not set to the weak scale. From 
our effective field theory expectations, the Lagrangian operator should be 

ACrel = cA^\H\^ (136) 

This is a potential disaster for the theory, since from our previous work on the Higgs 
potential we stated that the Higgs mass must be — /i^ ~ v"^, where v ~ 246 GeV is the 
Higgs boson vacuum expectation value needed to reproduce the W and Z masses. If 
we assume the Standard Model to be a valid theory to very high energies E ^ v, that 
implies the cutoff of the Standard Model effective theory is A 3> f , which implies the 
coefficient of \H\'^ is = A^ ^ f^, which is in contradiction to f ~ -^/— The 
effective theory would then need the coefficient c in eq. fll36p to be finetuned to an 
extraordinarily small and unnatural [H] value c ~ v"^ / to make all the scales work 
out properly. The concern about how this can be so is the Hierarchy Problem. 

The discussion is a bit abstract, but it bears fruit with direct computations. 
As one example out of an infinite number that would demonstrate the Hierarchy 
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Problem, consider the possible existence of other scalar fields (pi at higher energies. 
The assumption is that if there is a Higgs boson in the theory, then there is every 
reason to believe that there can be other scalars. They can have mass at the weak 
scale, intermediate scale, Planck scale, whereever. Let us suppose that we put one 
(p at the cutoff scale A of the theory. The operator immediately gives a 

quantum correction to the Higgs mass operator coefficient of ~ A^/lGvr^. Although 
the l/167r^ can help a little, if A S> 47rw there is serious problem, and the weak scale 
cannot exist naturally with such a hierarchy. For this reason, it is often assumed that 
naturalness of the Higgs boson sector of the Standard Model effective theory requires 
new physics to show up at some scale below A ~ At^v ~ few TeV. 

There are many different approaches to solving the Hierarchy Problem. They 
can be put into three categories. The first category suggests that there is new 
physics at the TeV scale and the cutoff A in eq. (11361) is in the neighborhood of 
the weak scale. Supersymmetry [45|, little Higgs [l6j, conformal theories [1^, and 
extra dimensions [H] can be employed in this approach. For example, supersymmetry 
accomplishes the task by a softly broken symmetry, where A is the supersymmetry 
breaking mass scale. All quadratic divergences to the Higgs boson mass operator 
cancel up to supersymmetry breaking terms. Extra dimensions accomplishes it by 
banishing all mass scales accessible to the Higgs boson above the TeV scale. The 
second category suggests that fundamental scalars are banished from the theory 
that could form invariant \(p\^ operators. For example, this is the approach of 
Technicolor [49j and top-quark condensate theories |50] that try to reproduce the 
symmetry breaking of a Higgs boson with the condensate of a fermion bilinear oper- 
ator. Higgsless theories and their variants are also in this category [51]. And finally, 
the third category of solutions to the Hierarchy Problem suggests that large statistics 
of finetuned solutions dominate over the fewer number of non-tuned solutions in the 
landscape, leading to a higher probability of our Universe landing in a highly tuned 
solution (c ^ 1). Thus, guided by concerns over the cosmological constant problenj^, 
it has been suggested that this statistical, stringy naturalness over the landscape may 
take precedence over normal naturalness envisioned from effective field theories |52j . 

^Although not directly related to external particle physics interactions, the cosmological constant 
can be considered as the coefficient of yet another gauge- invariant, Lorentz-invariant operator ~ the 
operator being merely a constant: ~Ccc — ^tc- The tiny value of this coefhcient, K'^^ ~ (10~^eV)'*, 
is well below any conceivable theory expectation. It is the elephant in the room for effective field 
theories. However, it is an unexpressed article of faith among most particle physicists that the 
solution to the Cosmological Constant Problem lies in the details of mysterious quantum gravity, 
and that the new concepts buried in that unknown solution do not materially affect the natural 
solution to the Hierarchy Problem. Landscapists question that assumption. 
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This is controversial with conflicting claims over unrealistic theories; nevertheless, it 
is an interesting idea that might one day be impactful. 

In the following sections, I will address the issue from the first perspective. I will 
start by positing supersymmetry and investigate its implications. These implications 
are numerous, but I will focus on very direct issues of the Higgs boson masses and 
interactions and not so much the phcnomenological implications of superpartners, 
which are required to stabilize the cutoff at the electrowcak scale. I will then discuss 
the implications for the Higgs boson sector of Randall-Sundnim warped extra dimen- 
sions. There is a new state, the radion, whose properties arc very similar to the Higgs 
boson. When it mixes with the Higgs boson there is no pure Higgs state nor radion 
state, but an admixture which has implications for collider phenomenology. Finally, I 
will end the lectures with comments about how the \H\^ operator does not only cause 
us headaches with the Hierarchy Problem, but also can be a window to new hidden 
sector physics not accessible through any other means except through mixing with 
the Higgs boson mass relevant operator. 



10 Higgs Sector of Minimal Supersymmetry 

There are two good reasons why supersymmetry requires two Higgs doublets. The 
first reason is anomaly cancellation. The superpartner of the Higgs boson is a fermion, 
which contributes to triangle gauge anomalies. Since Standard Model fermions al- 
ready cancel the gauge anomalies by themselves, the addition of another fermion 
charged under SU{2)l x U{1)y introduces an uncompensated contribution. A second 
fermion that is the vector complement of the first cancels the anomalies. For this 
reason, the minimal supersymmetric Standard Model (MSSM) introduces a Higgs 
doublet and its vector complement Ha- 

The second reason why two Higgs doublets are required is the inability otherwise 
to give mass to all the fermions. A supersymmetric theory is defined by the particle 
content, gauge symmetries, and its superpotential. The superpotential is a dimension- 
three potential constructed out of the chiral superfields of the theory but not their 
conjugates. A chiral multiplet $ consists of a scalar $ and a fermion ip: ^ = ($,-?/'). 
Holomorphy of the superpotential says that if the scalar component of the chiral 
multiplet Hu gives mass to the up-quarks then it cannot give mass to the down 
quarks since H* is not allowed in the superpotential. 

By convention the two Higgs doublets are Hu with hypercharge -1-1/2 and Hd with 
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hypercharge —1/2: 



where (p fields are complex. 



and Hd 



(137) 



Starting with our two Higgs doublets, we construct the general gauge-invariant 
superpotential of the MSSM 



W = yuQ- H^u" - VdQ ■ Had" + y^L ■ Hae" - jiH^ ■ Ha 



(138) 



where the • symbol is by definition the SU{2) contraction A • B — eijAiBj, where 
i,j are SU{2) indices and eu = —621 — 1 and en = €22 = 0. We have also assumed 
i?-parity conservation to disallow baryon number and lepton number violating inter- 
actions. Supersymmetry invariance of the lagrangian is automatically achieved when 
the lagrangian is derived by applying a few easy rules to the superpotential and the 
fields: 



£-w — 



l/jil/jj + c.c. 



(139) 



where 



dW 



<s>=<s> 



(140) 
(141) 

(142) 



where the index i is for particle species, and the indices m, n run over the SU (2) 
components of the representation under which $i is charged, and are the SU{2) 
generators. 

Applying these rules to our theory we find that the Higgs boson interactions with 
fermions are governed by 



J^y = VuQ^ ■ H^ur - yaQ^ ■ H^dR - yeL^ ■ H^eR + c.c. 



(143) 



which are the same kinds of interactions that we are used to. The fermion masses are 
then simply 



yu{Hl), TTid = yd{Ha), and me = ye{Ha). 



(144) 
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We will come back to these mass terms later. 

The focus now turns to the Higgs boson sector. The supersymmetric lagrangian 
terms that involve only Higgs boson interactions are from the F-terms and Z)-terms 
provided in eq. fll39p . Supersymmetry of course is not an exact symmetry and must 
be broken by some mechanism. Softly broken supersymmetry, i.e., supersymmetry 
breaking that does not reintroduce quadratic sensitivities to the cutoff, gives two types 
of terms beyond Lw of relevance for our discussion. First, each chiral superfield 
gets a "soft mass term" for its scalar component. In other words, if the theory 
contains the chiral superfield <E>, the lagrangian contains a supersymmetry breaking 
mass term m||$p. The second kind of supersymmetry breaking term of importance 
here are the so-called "A-terms" and "S-terms" . The rule for identifying these terms 
is to take each operator of the superpotential and evaluate the chiral fields at their 
scalar field values. A coefficient of one dimension higher than the superpotential 
coefficient is needed, and that is identified with a supersymmetry breaking mass. 
If the superpotential operator is dimension three then the resulting supersymmetry 
breaking interaction in the lagrangian is called an A-term by convention, and if the 
superpotential operator is dimension two it is called a 5-term: 

W = AI>i<I>2<I>3 =^ C,soft = v4a$i$2$3 + c.c. (145) 

M/ = m<|)il>4 =^ Csoft = B^^i^4 + c.c. (146) 

where A and m have dimensions of zero and one respectively, whereas Ax and Bm have 
dimensions of one and two respectively. In the Higgs sector of the Standard Model 
there is only a bilinear term that can be utilized to make a soft supersymmetry 
breaking interaction of this type. It is the /z term in the lagrangian, which leads to a 
-B^ term in the lagrangian 

W = -fiHu -Hd ^ C = -B^H^ ■ + c.c. (147) 

Putting all the terms together, the complete Higgs potential of the MSSM is 

V = {\^^\^ + mlJ\Hl\ + {\^^\^ + ml^)m^ + {B,H^■H, + c.c.) 

+!(/ + ^'2)(|if„p - \H,\^f + \g'\HiH,\\ (148) 

I'll assume in these lectures that all the parameters of the Higgs potential, the 
term and the B^ term, as well as the gaugino masses and Yukawa-like A-terms are 
all simultaneously real. For this reason, I will subsequently write as /z^. If all 
the parameters could not be rotated to real simultaneously we would have complex 
parameters to deal with, which only complicates the issues I would like to highlight 
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here. However, we can make two comments about it. If large CP violating phases 
were present in the supersymmetric theory beyond the normal CKM phase, the theory 
encounters a significant challenge to make compatible with measured CP violation 
limits from such well-constrained observables as the electric dipole moments of the 
electron and neutron. Assuming this challenge is overcome, the CP violating effects 
could be an important aspect of multi-Higgs boson phenomenology [531 [51]. 



We assume that the neutral components of each Higgs boson get a real and positive 
vev, consistent with the expectations we developed in lecture [3 By convention I'll 
define 

(ff°) = ^, {H'd) = ^. ^^^^ = ^' ^^<^v' = vl + vlc^{2mGeYf. (149) 

Given these definitions, we could proceed straight with the Higgs potential of eq. (11481) 
as our starting point to directly analyze the vacuum structure and particle spectrum 
of our theory. However, we will find it convenient again to first transform our Higgs 
potential into the Runge basis and then analyze, as we did in lecture [3 

Recall that in the Runge basis we identify one Higgs boson as the state that gets 
all the vev, and the other Higgs boson(s) orthogonal to it. There is one subtlety here 
that we did not experience in lecture [71 In lecture [3 the Higgs boson doublets all had 
the same quantum numbers. The convention of the MSSM is to define and Hd 
with opposite hypercharge. This of course was totally unnecessary to do, but alas 
we must pay our respects to history. The Higgs boson is also charged under SU{2) 
of course, but the great thing about SU{2), unlike any other SU{N) with > 2, is 
that the conjugate representation is equivalent to the original representation. Thus, 
we are free to construct a field from Hd that has the same quantum numbers as Hu- 
That field is = ia^H^. Now we can define the Runge basis by adding an apple 
{Hu) with an apple (H^) rather than an apple (Hu) with an orange {Hd): 

= -H'd + —Hu (150) 

V V 

^± = ^-H^d--Hu (151) 

V V 



or, since, sin /? = Vu/v and cos P = Vd/v we can write 

m \ 

(152) 



<^vev \ _ I cos/3 sin/3 \ / H^ 
$_L / I -sin/3 COS/3 / I H^ 



Because this is a two Higgs doublet model and ^^^v contains all the vev for 
electroweak symmetry breaking we know immediately where the Goldstone bosons 
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and heavy Higgs bosons {H'^,A^) reside just as in lecture [71 We show this as 
the components of the new Higgs fields: 




V2G+ 
v + h' + iG^ 




(153) 



The h' , H' states are the neutral scalar Higgs bosons. Unlike the case for the other 
fields in this basis, there is no reason why h' and H' need be mass eigenstates. Despite 
this, the Runge basis is very convenient to analyze these states as well, as we will see 
below. 

Let us go ahead and rewrite eq. fll48p in the Runge basis: 

V = (/i2 + sJm^^+4m^^-S2/35^)|$.e.|' + (/^' + C>H„ + 4"^L + ^2/35^)l'^^l' 

+ hspiml^ - mlj - C2pB^] ($L$± + c.c.) (154) 



+ + 9^) [C2p{\^l.? - \^vev?) + S2/3($L'^± + CC.)]' + \g^\^,ev " 



|2 



Let us analyse the conditions for electroweak symmetry breaking and particle spec- 
troscopy using this potential. To do so, we define eight real scalar fields that are the 
components of ^^ev and $x: 



^^e. = ^ Z and $x = ^ I'^Z . (155) 





The potential is at its minimum if all dV/d(f)i = when evaluated at = for 
all 0i except 03 = v. Six of the eight conditions are trivially satisfied (0 = 0), leaving 
us with two for consideration: 

03 : li9^ + gVcl^ + /i' + ml/p + m\jl - B^s^a = (156) 

07 : -^{g^ + g'^)v^C2pS2/3 + - m]j^)s2i3 - B^C2p = (157) 

Taking two different linear combinations of these equations puts them in a form that 
is more familiar: 

2 o mi mlf — tan^ 3 mi, 

l[(<t>e:)s2ri + {4>,:}C2f,] ^ Jif|3=*'' + ^<"H, + "a.) (159) 

The reason why these conditions are frequently more useful than the (03 :) and 
(07 :) conditions is because model builders often feel more confident about setting 
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scalar mass boundary conditions, such as fn'jj^ and ^h^- These masses are also 
correlated well with the other sparticle masses, such as the top squark, selectron, 
etc. On the other hand, a theoretical understanding of the origin of /i and is 
more elusive. For example, /i is not a soft breaking mass, but rather shows up in 
the superpotential itself. Although explanations exist for why the fj, scale should be 
close to the soft supersymmetry breaking mass scale and the electroweak scale, none 
are overwhelmingly compelling. This is an ongoing active area of research but for a 
generic review of the situation see [55]. Thus, oftentimes we wish merely to know 
what fi and need to be in order to have electroweak symmetry breaking work out 
for a given set of soft supersymmetry breaking parameters - theory can then adjust 
to that "experimental need." But we run too far afield in discussing the famous fi 
and Bfj^ problem of supersymmetry. 



The upshot of our symmetry breaking conditions is that we have two equations. 

If we choose to 
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m 



eqs. (11581) and fll59p . that set four parameters {fi'^,B^ 
set /i^ and -B^ in terms of frifj^ and fn'jj^ from these two minimization conditions, 
we can proceed to compute the full mass matrix from Aifj = (PV / d(j)id(f)j evaluated 
at the minimum. This matrix will depend on all the various remaining parameters 
g\ V, tan j3, mj^^, m?^^. If you do compute the matrix with these parameters you will 



find that the terms do not depend on m|^^ and fnu^ in independent combinations, 
but rather only on the difference — m? 



ijj^. Now, if we define for convenience 



—^{9' + 9 



m 



H, 



sec 2/3 



the full 8x8 mass matrix in the 02, 



basis becomes 



V 




































































-m|s2/3C2/3 
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-m%S2f3C2f3 











m + mzS2i3 


























~ 2 

m 



(160) 



(161) 



From the mass matrix of eq. (I16ip we can readily identify that, as promised, the 
zero mass modes of 0i, 02, and 04 are the Goldstone bosons of the theory. The 
massive modes are 



~ 2 I 2 



(162) 
(163) 
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Note that using eqs. 11581 and 11591 we can rewrite = 2B^/ sin 2/?, thus proving the 
claim we made at the end of lecture [7] that m\ oc 5^ in supersymmetry. 

The mass matrix for the {/i', H'} system comes from mixing among 0307, 

This matrix can be easily diagonalized and mass eigenvalues and eigenvectors identi- 
fied. 

As promised the scalar Higgs bosons are quite revealing in the Runge basis, even 
though they are not mass eigenstates. In contrast to other bases, the only place where 
a supersymmetry breaking parameter shows up is in the 22 component of the mass 
matrix. This parameter is very likely to be above the weak scale, perhaps significantly 
above the weak scale, and is only bounded by naturalness concerns. It is a theorem 
of positive definite matrices that the smallest eigenvalue is always smaller than the 
smallest diagonal component. Therefore, we have proven at this order of computation 
quite directly that 

ml < m| cos^ 2(3. (165) 

which is a famous result of supersymmetry. Furthermore, we can see that the bound 
is saturated as the supersymmetry breaking mass decouples from the eigenvalue 
equation, i.e. — > oo. 

This formulation in the Runge basis also aids in our ability to immediately rec- 
ognize what the leading radiative correction is to the mass of the lightest Higgs 
boson. Let us suppose that all superpartner masses are at the scale m, including 
the stop mass, pseudoscalar Higgs boson mass, etc. Just above that scale we have 
a supersymmetric theory, and just below that scale we have the Standard Model 
effective theory. We need to match the A self-coupling of the Standard Model Higgs 
boson with a self-coupling of the Higgs boson that remains light in supersymmetry. 
We computed the 33 component of the mass matrix in eq. (I16ip . which is exactly 
that light supersymmetric Higgs boson in the limit of large m ^ mz- To be more 
precise, we actually computed 



ml 



(SUSY Theory : Q > m) (166) 

which should be compared with the Standard Model effective theory computation of 

ml = 2\v^ (SM Theory : Q < m) (167) 
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Thus, the matching of the UV supersymmetric theory with the IR Standard Model 
theory is done at the scale Q = fh where 

Km) = \{g' + g'')cl, (168) 

as depicted in fig. [5l To get the true value of the Higgs mass we need to renormalize 
\{Q) down to the Higgs boson mass scale. If that scale is not too far from m, the 
linear approximation to solving the RG equation for A can be employed 

/ rn \ 

A(g) = A(m)-/5Aln - . (169) 



Q 



The leading term of the (3\ function is (see eq. 
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/5a = -|% + --- (170) 

Recognizing that yt = \/2mt/v, and that the top quark contribution to the P\ function 
shuts off for Q < nit (i-e., /?a — is the approximation for Q < rrit), one finds that 

AW - A(,-„).i;iii„(^ 

where I've gone ahead and written fh = fht suggestively, since all superpartner masses 
are at m. Substituting this radiatively corrected value of A in the effective theory 
into eq. fll67p we find 

ml = m| cos' 2/3 + ^ In f — 

= m|cos'2/3+^^lnf^) (172) 



which is the famous leading log formula for the Higgs boson mass of supersymme- 
try [561 EH EH] . A more complete description of the loop-corrected Higgs mass can 
be found, e.g., in [59] . 

There are several interesting features to note from eq. fll72p . First, the super- 
partner mass only enters the expressions for the lightest Higgs mass logarithmically. 
Since a logarithm increases very slowly with its argument, the increase in Higgs mass 
prediction as a function of rht is weak. Fig. [6] shows the lightest Higgs mass prediction 
as a function of As, which is the same as "fht in eq. fll72p . Depending on the value of 
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Fi gure 5: The light Higgs boson self-coup hng transitions from + g'^)c2j3 in the 
supersymmetric theory to A in the Standard Model effective theory, with the matching 
scale being the superpartner mass rh. Renormalization group flow of A from Q = m 
down to Q = rrih in the Standard Model effective theory introduces the famous 
Am^ ~ log j leading-log correction as explained in the text. 

tan j3 the superpartner mass scale needs to be greater than 700 GeV (tan P = 50) or 
5TeV (tan/? = 2) in order to evade the Higgs mass bound of 114 GeV, which is an 
applicable bound in this limit. Such high masses strain our credulity, since they are 
the masses that get thrown into the electroweak Higgs potential which ultimately must 
pop out the Z mass after the cranks are turned. It should be noted that the Higgs 
mass limit can be increased somewhat by inclusion of stop left-right mixing terms, and 
higher-order corrections (see, e.g., [59l[60]). Nevertheless, some physicists still worry 
that the Higgs mass bound of 114 GeV makes the MSSM unacceptably finetuned - a 
little hierarchy problem. I do not share the viewpoint that going beyond the MSSM 
is necessary because of the Higgs mass prediction, but I am in agreement that seeking 
further models of supersymmetry that are less finetuned is a worthy exercise. 

We now wish to compute the couplings of the CP-even mass eigenstates to the 
Standard Model fermions and gauge bosons. In particular, we wish to know the 
couplings of the lightest Higgs boson since it is the state that stays light when all 
other supersymmetry masses get heavy. The scalar Higgs boson mass matrix in the 
Runge basis fll64p is not diagonal, so we have to do another rotation to get to the 
mass basis. Diagonalizing eq. (11641) is accomplished by definition through a rotation 
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Figure 6: Lightest Higgs mass as a function of A5 for various tan/? values using 
eq. f ll72p and identifying = m. Plot taken from ref. [28] . 



of angle 5: 

(173) 



^ \ I cos (5 sin 5 \ I ^ 
H' I ~ \ -sinS cos(5 j \ H 



where h', H' are Runge states and /i, if are mass eigenstates. Expanding about 
m%/m\ one finds 



2 4 



^ = -C2/3S2/3— - C2/3S2/3(C2^ - S2/3)— + • • • (174) 



which is a small and positive angle. Applying this rotation along with the rotation 
Hu intc 

Re{Hf) \ 1 / cos(/5-5) -sin(/3-5) \ / /i 



Re{Hl) / V2 I sin(/3 - 5) cos(/3 - 5) / \ ii 



(175) 



The couplings of the mass eigenstates to the vector bosons compared the Standard 
Model Higgs boson couplings are 

hZZ (h) cos{p - 5) {Hf) + sin(/3 - 5) {H^) 



hsnZZ (hsM) v 
HZZ _ (H) _ - sm{(3 - 6) (Hf) + cos(/3 - 6) (H^) 
hsAdZZ (hsM) V 
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cos 5 (176) 
= sin5 (177) 



In the decoupling limit these couplings become to leading order in m\/m\ 
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COS 5 = l-clpsl^-^ + ... (178) 

2 

sin 5 = -C2/3S2/3^ + . . . (179) 

Note, the light Higgs boson mass eigenstate couplings to Standard Model vector 
bosons decouple very rapidly, as ~ I/w^aj to the Standard Model value. Deviations 
of h from Standard Model expectations will be small unless is reasonably close 
to mz- 

Let us now look at the couplings of the Higgs bosons to fermions. In supersym- 
metry, the masses of the 6-quark and t-quark, which I will use as representatives of 
"down-type" fermions and "up-type" fermions, are given by 

= yb—?= = yb—r=cos(3 — ^ yb = V2 (180) 

V2 v2 V cos/? 

mt = i/t— = = i/t— =sm/5 — ^ yt = V2 — (181) 

V2 V2 V smfj 

which is to be compared to the Standard Model Yukawa couplings of = \/2mb/v 
and yf^^ = \/2mt/v. Now, the interactions of the quarks with Higgs boson eigenstates 
will introduce various mixing angles. We compute them here: 

ySM 

ybQ^H*bR ^ ^Q[cosi(3-6)h~smi/3-6)H]bR (182) 
cos p 

ySM 

ytQ^KtR M^Q[sin{l3-5)h + cos{l3-5)H]tn (183) 

Sill LJ 



and therefore, 

hbb cos(/9 — S) 

hsAibb cos P 

Hbb _ sin(/3 - 6) 
hsubb cos [3 

hit sin(/5 — a) 5 



hsAftt sin /3 tan (3 

mt cos(/3 - 5) 1 



l + 5tan/3+--- (184) 
^ -tan/5 + (5 + --- (185) 
+ ■ ■ ■ (186) 



hsMtt sin /5 tan (3 



+ 6 + --- (187) 



where the last expression of each line is the expansion in terms of small 6 (see 
eq. (HUD). 
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The expansion of the couphngs of the scalar Higgs boson mass eigenstates to 
Standard Model gauge bosons and fermions by the angle 6, which takes us from the 
Runge basis to the mass basis, shows instantly the implications of the decoupling 
limit when S ~ m\/m\ is small. In particular, for large m\ the lightest Higgs boson 
h interacts with the Standard Model in precisely the same way as the Standard Model 
Higgs boson. Thus, it may be difficult to distinguish the two theories from light Higgs 
boson observables alone. 

The heavy Higgs boson decouples rapidly from the vector bosons, but does not 
decouple from the fermions. This is expected. As the scale of supersymmetry breaking 
increases, a complete SU{2) multiplet must decouple from the spectrum with it. 
Indeed, that is what happens here as the H' state in the Runge basis becomes more 
and more identified with the decoupled mass eigenstate H . On the other hand, there 
is no need from any such consideration that the fermions must decouple in that limit 
from the H state. Indeed, they do not. However, it is to be noted that if tan/? oo 
the heavy state does not couple to up-type quarks since all the vev is in Re(if°) which 
then is increasingly identified with the mass eigenstate h while Re(if^'°) becomes 
increasingly identified with H, and therefore no coupling to top quarks. Similar 
reasoning tells us that in the opposite limit of tan /? — 0, the coupling of H to down 
quarks decouples as well. Because of these decoupling features, searches for heavy 
Higgs bosons of supersymmetry mostly focus on decays into fermions rather than 
decays into vector bosons. 

I have presented the Higgs sector in a different manner than is usually done. I have 
first gone to the Runge basis and then rotated by an angle 5 to the mass eigenstate 
basis. The advantages of this are largely pedagogical in that one can instantly see that 
the Goldstones are all contained in ^vev, the heavy charged Higgs and pseudoscalar 
are in the scalar Higgs are a mixture of the components of ^vev and (^±_ but as 
m\/m\ becomes small, i.e., the decoupling limit, the light Higgs boson h asymptotes 
to being the component of ^vev and the heavy Higgs boson H a component of 
Leading order radiative corrections are easily understood by the clean separation in 
this basis of the heavy states in the full supersymmetric theory and the matching of 
its remaining light state h to the Higgs boson of the Standard Model effective theory 
below the scale of supersymmetry breaking. Additional radiative corrections can be 
quite important, especially with respect to the coupling of the light Higgs boson to 
the h quarks. This interaction can vary widely with large tan (3, as demonstrated 
by the term 5 tan (3 in eq. fll84p which can be large if tan/? is large. The special 
importance of a more complete analysis of radiative corrections for the Higgs boson 
couplings with large tan (3 has been emphasized in refs. [611 [62], [63l EH [651 ES] . 
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11 Radion Mixing with the Higgs Boson in Warped 
Compact Space 



A completely different approach to solving the hierarchy problem is to explain the 
weakness of gravity not by an extraordinarily high mass scale, but by having it 
propagate in extra dimensional space [671 EH] • Iii some approaches gravity is weak 
because its field lines dissipate in higher dimensions. The fundamental gravity scale 
M/) is of order the weak scale, leading to no troubles with the hierarchy problem, and 
Planck's constant is a 'fake' derived scale 



where R is the radius that characterizes the size of the ^-dimensional compact space. 
Much interesting phenomenology follows from this supposition (see, e.g., refs. [5511701 



A different approach is to warp the extra dimension (s) and have all high mass 
scales be warped to weak-scale masses in our 3 + 1-dimensional worldview. This is 
the approach Randall and Sundrum took [73] . Let me review the gravitational set up 
first and then move to implications for the Higgs boson. 

The representative idea is that we live in a 5 dimensional spacetime, where the 
5th dimension is a compactified / Z2 orbifold. In other words, think of the 5th 
dimension as a circle with radius Tc, but identify points at and —0 as equivalent. 
This is sometimes called compactifying on a line segment, since all coordinates in the 
physical space can be represented on a line < < vr with coordinate 0. Branes are 
placed at the orbifold fixed points = ('hidden brane' or 'Planck brane' location) 
and = 7? ('visible brane' or 'SM brane' location). 

The Randall-Sundrum hypothesized action is 



(188) 



C _ C(5) I 0(4) , £-(4) 



(189) 



where 




(192) 



(190) 



(191) 
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The 5D metric is Gmn where M, N = with /x = 0, 1, 2, 3. The 4D induced metrics 
go and gc are obtained by 



goM^n = G'^.(a;^</) = 0) (193) 

9cM^n = G,,{x^,(I) = it). (194) 

The 5D metric ansatz is 

cis^ = W{r,(f))g^^dx^dx'' - rldcj)'^, where iy(r,0) = e'^'^'^l'^L (195) 

This metric describes an AdS space for the 5th dimension with AdS curvature pa- 
rameter k. It is assumed that k ~ Mpi. 

Self- consistency of Einstein's equations and respecting 4D Poincare invariance 
requires 

Vq = -Vc = 2AM^k and A = -2AM^k'^ (196) 

This is derived in shghtly different ways in [73] and 

The graviton h^iy is identified as the massless fluctuation of g^j^i, about the metric 
signature r]^,^: g^^j = rj^y + h^^. Thus, we need to expand S'^^\ look for the term that 
is proportional to \/—gR4, where is the 4D Ricci scalar, and integrate over the 
extra dimensional coordinate to identify Planck's constant: 

J d^x j #2MW(r,0)v^i?4, (197) 

which implies that 

= MV, / d(PW{r^(P) = — [1 - Wir^Tx)] . (198) 
J--K k 

This equation implies that M k ^ Mpi is reasonable to satisfy the gravitational 
part of the action. 

So far we have merely summarized the gravitational picture in the Randall- 
Sundrum paper. There is more. The warp factor W{rc4>) can serve to squash all 
would-be Planck scale masses to weak scale masses. Randall- Sundrum showed, for 
example, that what looks to be naturally a Planck scale vev vq ~ Mpi for the Higgs 
boson on the visible brane is actually warped down to the weak scale by the warp 
factor: 

{H^H) = W{r^7T)v'^ = e-'^'^^'^^vl implying kr^ ~ 12. (199) 
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Thus the compactification radius need only be a factor of about 12 larger than 
in order to warp Mpi down to e~^'^'''^Mpi ~ m\Y, which is not much of a finetuning 
from that perspective at least. This warping factor suppression is the basic principle 
that Randall-Sundrum identified as a potential reason behind the hierarchy of the 
gravitational scale to the electroweak scale. 

Besides making the Higgs boson a more palatable object, what does this setup 
have to do with the Higgs boson? In the setup the visible sector brane was placed 
at the position = vr. However, there is no built-in mechanism to keep it fixed 
there. The relative separations of the two branes at the position describes a 
field T{x^). This field is often called the 'radion' since it is the dynamical object 
quantifying radius separation of branes in the compact space. Let us sketch how the 
radion interacts with the normal particles of the Standard Model. 

Our first step is to update the metric to take into account the dynamical nature 
of the compactification radius Tc- We do this by promoting Tc to the field Tc T{x). 
The metric tensor is then defined by 

ds'^ = W{T{x)(f))g^^{x)dx^dx'' - T\x)d(j)'^. (200) 

Without a principle to stabilize the brane separation, the mass of the radion is zero 
and it acts as a propagating scalar gravitational degree of freedom, leading to an 
unacceptable scalar-tensor gravity theory. Somehow stabilization must occur. The 
dynamical mechanism that is to stabilize the radion requires (T(x)) = r^. A method 
to do this was identified by Goldberger and Wise [75], which we will not elaborate 
on. Substituting the metric of eq. fl200p into the original action, and integrating over 
the extra-dimensional coordinate gives us 



= d XV— ^ 



where if{x) is the canonically normalized radion field, V{!f) is the potential that 
stabilizes the radion field, and A<^ is its vacuum expectation value 



/94 

^{x) = A^e-'-"(^(")-"^), and A^ = {ip) = 6"'=-^^ (201) 

The interaction of the radion with the trace of the energy momentum tensor is 
directly analogous to the graviton interacting with the energy momentum tensor in 
normal AD gravity. In that case the interaction is obtained by expanding y/—gC 
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around the metric signature gf^u = Vi-ny + at leading order: 



1 



^9^ 



where T^'^ is the energy momentum tensor 

5S 



6h 



SC 



^9 



(202) 



(203) 



which can be computed straightforwardly from the Standard Model lagrangian. 

There is one subtlety regarding the energy-momentum tensor that we must take 
into account. The Higgs boson is a special field in that at dimension two a gauge 
invariant, Lorentz invariant operator can be formed, WH. Because of that we can 
add to the full action another term that is dimension four |76j : 



In the weak-field limit we know that 



(204) 



(205) 



which when substituted into eq. fl204p gives a contribution to the energy momentum 
tensor of 



(206) 



Including this term, the trace of the energy momentum tensor is then 

= ^vUh + (6^ - l)d^hd>'h + Q^hDh + 2mlh^ + mijtpitpj - M^VA^y^ (207) 

where we have only retained terms up to dimension two. 

After shifting ip from its vev and expanding the lagrangian, the terms bilinear in 
Higgs and radion fields are 



C = -]^ip {U + ml) ^ - hi [U + ml) h - ^^Uh 

The kinetic terms can be made canonical by the transformation 

h ^ h' sec u and cf) cf)' — h! tan uo 



(208) 



(209) 
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where sinct; = QS,v/ K^p. After this transformation the mass terms mix. The resulting 
mass matrix can be diagonahzed through an orthogonal rotation characterized by the 
angle a: 



h' 



cos a sm a 
— sin a cos a 




where si,2 are mass eigenstates, and cos a 
expression for the mixing is 



1 and sin a — > as ^ 



h 



sec u cos a sec u sm a 

sin a — tana; cos a cos a + tan a; sin a 




(210) 
0. The final 

(211) 



What we have here is a case of mixing between the Higgs boson and the radion 
such that no eigenstate is purely one or the other. Furthermore, the couplings of 
Standard Model states to the radion are very similar to the couplings to the Higgs 
boson except suppressed by a factor of vj K^. The interaction lagrangian of the Higgs 
boson and radion to pairs of Standard Model states demonstrates this well. Let us 
go to the original states h and for simplicity, and the mixing angles can be applied 
easily later to bring one to the mass eigenstate basis. 

The interaction of the fields and h with fermions and massive gauge bosons is 



1 



The interactions with massless gluon fields is 



7 



(212) 



where Tj = imf/q'^, and F1/2 is [22] 

Fi/2(r) = -2r[l + (l-r)/(r)] with 



(213) 



(214) 



fir) 



[sin~'{l/^)]\ if r>l, 
-i[Hv+/V-) --iT^?, if r < 1, 



(215) 



and 



(216) 
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We identify with the Higgs mass squared when we calculate the on-shell decays to 
gg. The first term in eq. fl213p . where 63 = 7 is the QCD /5-function coefficient in the 
Standard Model, is generated by the conformal breaking QCD trace anomaly. The 
second term originates from one-loop diagrams involving virtual top quarks. The form 
factor Fi/2{Tt) —4/3 for r — >• 00, and F1/2 — for r — >• 0. Thus, for mf ^ g^, the 
coupling to (f becomes proportional to the /3-function for 5-flavors 63 + 2/8, consistent 
with a smooth decoupling of the top quark. The coupling to two massless photons is 
similar in form 

where Fi{tv/) is a form factor from the loop with virtual VT's, 

Fi(r) = 2 + 3r + 3r(2-r)/(r), (218) 

and 62 = 19/6 and by = -41/6 are the Standard Model SU{2) x f/(l)y /3-funtion 
coefficients. For /q"^ —>■ 00 the coupling to (p reduces to the QED /3-function with 
e, fi, T and u, d, s, c, b 

62 + &y - Fi(oo) - ^Fi/2(oo) = - Y = &QED, (219) 

which is what we expect for smooth decoupling of heavy top quark and heavy W 
boson. 

The phenomenology of the mixed Radion-Higgs system is quite interesting. The 
basic signatures are the same as the Standard Model Higgs, with gg Si 
WW, ZZ, bb, 77. There are several important additional qualitative features to em- 
phasize however. First, the QCD trace anomaly contribution to the radion coupling 
to gluons can significantly enhance the production cross-section of the Higgs bosons 
through gg fusion. Likewise, the QED trace anomaly contribution can significantly 
enhance the decay branching fraction to two photons. Both of these effects would 
be good news for Higgs boson discovery. The other important qualitative feature to 
emphasize is the prospect that the heavier eigenstate S2 can decay into two lighter 
eigenstates Si. Of course, if it is to take place it must be kinematically allowed. 
Furthermore, the S2s1 interaction is model dependent, as it is partial controlled by 
the details of the stabilizing mechanism, or in other words, the potential V{(p). 
It can be added as a free parameter in the model and discovery capabilities or 
limits estimated. Many more details of collider phenomenology can be found in 
refs. [761 [771 EHl [791 [801 EI]. 
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12 Higgs Bosons of a Hidden World 



There are many things we do not know. To name a few, we do not know what 
generates the baryon asymmetry of the universe, what makes up the dark matter, the 
substance of the dark energy, the origin of multiple gauge symmetries, the duplication 
of family symmetries, the hierarchy of fermion masses, how quantum mechanics and 
general relativity peacefully coexist, and the reason why the weak scale is so much 
smaller than the Planck scale. We see that the vast majority of these particle physics 
problems we are trying to solve have to do with our bodies. The particles we care 
about are the particles that make up our bodies, or are copies of particles that make 
up our bodies, or directly interact with the particles that make up our bodies in order 
to keep bound states, allow decays and transitions, or give mass to them. 

Cosmologists have been fairly good at not restricting inquiries to the problems of 
our bodies, but not as much in particle physics. We have theories of flavor, theories 
of electroweak symmetry breaking, MQCD, even string phenomenology, much of it 
really with an eye toward understanding us. Even when particle physicists do venture 
into cosmology, it is often through the accidental recognition that a theory of us 
also gives for free a theory of dark matter, with the next-to-lightest superpartner of 
supersymmetry being a good example. 

At the 536th anniversary of Copernicus's birth, let's remember that we are not 
the center of the universe. As Hamlet said to Horatio, "There are more things in 
heaven and earth, Horatio, than are dreamt of in your philosophy." I think most of 
us, when asked, would say we are sure that the Standard Model fields are not the 
sum total of all fields in the universe. There is no reason to suspect that to be the 
case. Let us imagine new states that have nothing to do with solving any problem of 
our bodies. We just add them and ask if there is a way to detect them in experiment. 

As Hamlet knows, there is much more that could be said and done than we 
will ever know. So, let us start modestly. Let us imagine that in addition to the 
Standard Model there is a real scalar field (p that is not charged under any gauge 
group symmetry of the Standard Model and is odd under a Z2 discrete symmetry. 
How can this particle interact with the Standard Model at the renormalizable level? 
There is only one way, and it is through the Higgs boson. The lagrangian terms that 
involve the (j) field are simply 

£^ = i {d,^r - ^-my - - y^'H^H. (220) 

This simple httle model [821 [83] if true, would have absolutely colossal effects on 
our world view and LHC phenomenology. First, the Z2 symmetry makes it stable. 
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Relic abundance can be calculated as a function of the various parameters of the 
theory including most importantly m^, rrih and y. There are accessible regions of 
parameter space where relic abundance is the value needed to be the CDM of the 
universe (for latest consideration of this case, see ref. [H]). Since does not get a 
vacuum expectation value, the Higgs boson of the Standard Model cannot mix with 
0; however, H can decay into a pair of particles leading to an invisible decay width 
of the Higgs boson: 



Recall that if the Higgs boson mass is less than about 130 GeV, the dominant 
Standard Model decay width is into bb which is governed by the bottom quark Yukawa 



value of y > 1/40, which is quite probable even with relic abundance constraints 
included [82] , will compete with the dominant Standard Model mode and the invisible 
decay width could overwhelm the branching fraction of the Higgs boson, qualitatively 
changing how one would search for this important state. Several studies have been 
performed in the theory community [85l [861 [871 [881 [89l [901 [HI |92] the experimental 
community [16] to determine how well an invisibly decaying Higgs boson can be found. 
There is mostly good news in these studies, in that lower Higgs masses can be found 
rather well even if decaying invisibly, whereas higher Higgs mass states perhaps not 
quite as well. But that is probably ok, since as the Higgs mass increases well above 
the vector boson mass scale, its width into longitudinal W^W£ , Z^Z^ increases like 
Th ~ m\/m\. Such strength of decay is unlikely to be buried by an invisible H ^ (pcj) 
decays, and so a dominant invisible width would not be expected for Higgs bosons 
above the 2mz scale. 

This introduction of a Standard Model singlet Higgs boson was done in problem 
solving mode. The problem is explaining dark matter and the solution arrived at is 
a real scalar with a Z2 symmetry. However, let us interpret this in a different way. 
Let us interpret the introduction of this new field as one of many possibilities that 
just is, and not worry about justifying its existence. If we think in those terms, we 
start throwing around states in our minds at will and at random. The vast majority 
do not couple to the Standard Model at a renormalizable way, and so seeing them at 
a collider in the near term would not be expected. 

So let us be a little more clever about selecting the subclass that can be seen 
amongst the infinite possibilities. Our best bet is to identify what hidden world 
states can couple to the Standard Model states at the renormalizable level. By hidden 




(221) 



coupling. This Yukawa 




Thus, any 
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worlds 1 mean states that are not part of the Standard Model and are not charged 
under any Standard Model gauge symmetry. 

The only opportunity that enables us to connect hidden world states with Stan- 
dard Model states at the renormalizable level (i.e., dimension four level) is if we can 
find gauge invariant Standard Model operators with dimension less than four. Not 
counting the right-handed neutrino Majorana mass, there are only three such opera- 
tors: the hypercharge field strength tensor, the Higgs boson mass-squared operator, 
and the Higgs-neutrino operator 

Bf,^, H^H, and HL (222) 

which are a Lorentz vector, scalar and spinor respectively. 1 will ignore the HL 
operator since the field of neutrino physics, and sterile neutrinos, etc., deals with 
interactions with this operator. Instead I will focus on the bosonic sector. As we 
noted earlier in lecture [HI the Higgs boson operator is the only bosonic one with 
dimension less than four that is both gauge invariant and Lorentz invariant. In my 
mind, this is one of the most important realizations that one can make about the 
Standard Model and about the Higgs boson in particular. As a consequence, hidden 
worlds have a much better chance of communicating with the Higgs boson than any 
other particle in the Standard Model. This is one reason why 1 think the Higgs boson 
is particularly susceptible to deviations from expected phenomenology at the LHC 
Furthermore, the accidental narrowness of the data-preferred light Higgs boson with 
mass rrih ^ 2mw makes the state even more ripe for bullying by a hidden sector. 

Let us continue forward with the simplest possible example of a hidden sector that 
couples to both the 5^,^ tensor and WH. This theory is an Abelian hidden sector 
Higgs model, whose particle spectrum is a f/(l)' vector boson and a complex 
scalar field $, which gets a vev and breaks the f/(l)' symmetry, giving mass to the X 
boson. The only coupling of this new gauge sector to the Standard Model is through 
kinetic mixing with the hypercharge gauge boson B^. The kinetic energy terms of 
the U{1) gauge groups are 

^Bx = -\b,,B^^ - \x,,X^^ + ^X^J^r (223) 

1 do not have a strong opinion about the size of x- In an effective field theory it could 
be anything, but in many approaches from top down it is often the case that x is a 
one- loop suppressed quantity derived x ~ (7^/167?^ from some high-scale states that 
were vectorlike with respect to the low-scale gauge symmetries and were integrated 
out, but nevertheless perhaps had some small mass splittings. 
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We introduce a new Higgs boson $ in addition to the usual Standard Model Higgs 
boson H. Under SU{2)l x f/(l)y x U{l)x we take the representations H : (2, 1/2,0) 
and $ : (1,0, gx), with qx arbitrary. The Higgs sector Lagrangian is 



\DM' + mim 



mii\H\ 



X\H\*-p\^\^-k\H\^\^\^, 



(224) 



so that U{l)x is broken spontaneously by ($) = ^/V^, and electroweak symmetry is 
broken spontaneously as usual by (H) = (0,v/^/2). 



One can diagonalize the kinetic terms by redefining X^, 

72 ' ' " 



X^, Yf, with 



Y, 



The covariant derivative is then 



-X 



Y, 



(225) 



D,. 



+ t{gxQx + 9'vQy)X^ + ig'QvB^ + igT^Wf, . (226) 

is symmetric under 



where rj = xl — X^- Note, the kinetic lagrangian of eq. 
interchange oi B ^ but that symmetric nature is not transparent in eq. f l225p . 
The choice made in eq. (12251) is convenient for our purposes, however, since only the 
X^ field will couple to the exotic Higgs boson $, and so will decouple from the other 
states simply (i.e., without having to analyze the full gauge boson mixing matrix) as 
^ > 

After a GL{2,R) rotation to diagonalize the kinetic terms followed by an 0(3) 
rotation to diagonalize the 3x3 neutral gauge boson mass matrix, we can write the 
mass eigenstates as (with = sin6'a., = cos9x) 



(227) 



where the usual weak mixing angle and the new gauge boson mixing angle are 

9' ,0/1 N -2swr] 
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Sw = 



i2 



tan {26^) 



1 - sl,r^^ - A, 



(228) 



with Az = Ml/Ml^, Ml = egWx, ^lo = ia^ + 9'^y/4:. Mz, and Mx are masses 
before mixing. The photon is massless (i.e.. Ma = 0), and the two heavier gauge 
boson mass eigenvalues are 



M 



Z,Z' 



Ml 



(229) 
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valid for < (1 — s^^r]'^) {Z ^ Z' otherwise). Since we assume that 77 <^ 1, 
mass eigenvalues are taken as Mz ~ Mz^ = 91.19 GeV and Mz' ~ Mx- More 
regarding kinetic mixing, precision electroweak constraints, collider constraints and 
other considerations can be found many places [93] . 

The two real physical Higgs bosons H and $ mix after symmetry breaking, and 
the mass eigenstates h, H are 

$ y \-Sh CH )\H 
Mixing angle and mass eigenvalues are 

tan (2^,) = ^^r}xv^ 
MIh = + pe) T vW^W + ^W- (231) 



In summary, the model has been completely specified above. The effect of this 
exotic condensing Higgs sector on LHC phenomenology is to introduce two extra 
physical states Z' and H . Z' is an extra gauge boson mass eigenstate that interacts 
with the Standard Model fields because of gauge- invariant, renormalizable kinetic 
mixing with hypercharge, and H is an extra Higgs boson that interacts with the 
Standard Model fields because of renormalizable modulus-squared mixing with the 
Standard Model Higgs boson. 

The Feynman rules are obtained from a straightforward expansion of the above 
lagrangian in terms of mass eigenstates. The collider implications of this theory have 
been detailed elsewhere jHH ESI EH], but let me list a few of them: 

• Such theories can lead to the universal suppression in all channels of the light 
Higgs boson production rates. Mixing the Higgs boson with a "sterile" hidden 
sector state may mean only that the hidden sector steals electroweak coupling 
away from the lighter Standard Model Higgs, generating two mass eigenstates: 
a SM-like eigenstate with all couplings reduced by c\ and a heavier hidden- 
like eigenstate with all couplings to the Standard Model states the same as the 
Standard Model Higgs but with suppression factor s\. 

• The heavier hidden Higgs boson, when it picks up a little electroweak coupling 
via its mixing with the Standard Model Higgs boson, can then be produced 
at a collider. Its mass might be significantly above the weak scale, even in 
the trans- TeV mass region. A trans- TeV Standard Model Higgs boson is a 



63 



nonsensical proposition, since it is far from perterbative, but a trans- TeV Higgs- 
like boson with large mixing angle suppression factor can be a sensible scalar 
state to define and look for. In contrast to the decoupled heavy Higgs bosons of 
super symmetry, these heavy hidden-like Higgs bosons will decay primarily into 
Standard Model vector bosons. 

• The heavy Higgs higgs boson can decay into the lighter Higgs boson if it 
is mixed with it, leading to interesting double Higgs production and decay 
phenomenology, such as gg ^ H ^ hh ^ '-yjhh. 

• If the hidden sector has additional light states, the lighter Higgs boson mass 
eigenstate can decay into them leading to an invisible decay of the Higgs boson. 
Since the Standard Model Higgs boson is accidentally very narrow in the mass 
region of 2mi, ^ nih ^ 2mwi even a small mixing with such a hidden sector can 
overwhelm the branching fraction into an invisible width. 

• The simultaneously presence of kinetic mixing of U{l)x with hypercharge and 
the mixing of the hidden sector Higgs boson that breaks U{l)x with the Stan- 
dard Model Higgs boson can lead to dramatic four lepton decays of the light 
Higgs boson. This is accomplished by decays such as h hhi^ XX 
ZZ M. There are essentially no limits on the X boson if the kinetic mixing 
is a loop factor [H7], and yet this decay can be nearly 100% of the light Higgs 
branching fraction if kinematically accessible ^98j . 

Thus we see the phenomenology can range from dramatic in the early stages (e.g., 
h 4£) to quite subtle requiring high luminosity to discover at a later stage (e.g., 
weakly mixed trans- TeV Higgs boson). The varieties of possibilities with a Higgs 
boson connecting to a hidden sector are limitless, ranging from collider physics to 
cosmological imphcations [891 IMl [M [Ml [M [I03l fTMITOS] . 
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